
INSTITUTO POLITÉCNICO NACIONAL

ESCUELA SUPERIOR DE INGENIERÍA MECÁNICA Y
ELÉCTRICA

SECCIÓN DE ESTUDIOS DE POSGRADO E INVESTIGACIÓN

�ON THE INVESTIGATION AND THE CHARACTERIZATION OF
THE SOLUTIONS TO THE FORWARD AND INVERSE
PROBLEMS FOR THE BI-DIMENSIONAL ELECTRICAL

IMPEDANCE EQUATION WITH APPLICATION IN OBJECT
IMAGE RECONSTRUCTION�

T H E S I S

TO OBTAIN THE DEGREE OF:

DOCTOR OF COMMUNICATIONS AND ELECTRONICS

PRESENTS:

M.SC. CÉSAR MARCO ANTONIO ROBLES GONZÁLEZ

THESIS DIRECTORS:

DR. VOLODYMYR PONOMARYOV

DR. MARCO PEDRO RAMÍREZ TACHIQUÍN

MEXICO CITY, JANUARY 2016.



 



 



iv



Acknowledgements

CONACyT

I would like to thank to Consejo Nacional de Ciencia y Tecnología for all the
economic support to study, perform and conclude my Doctoral degree and
this dissertation.

IPN

I would like to thank to Instituto Politécnico Nacional for the support to
conclude my Doctoral studies.

v



Dedications 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 

Quiero dedicarle este trabajo al Dr. 
Ponomaryov, por su sabia guía, consejos y 
regaños para terminar esta tesis, pero sobre 
todo su comprensión y amistad. 
 
 
Este trabajo también quiero dedicarlo a Marco, 
que con mucha paciencia y tolerancia me 
ayudo a entender el tema y seguir trabajando, 
gracias a su consejo y guía es que hoy por hoy 
este trabajo pudo ser realizado. 
 
 
Este trabajo se lo dedico con mucho cariño a 
una persona muy especial, que me supo guiar 
en las buenas y en las malas, cuando más 
problemas se presentaron y siempre me dio su 
apoyo incondicional, quien saco de mi lo mejor 
y siempre se esforzó para ayudarme y darme 
todo lo que necesite. Gracias a ella, pude 
terminar este sueño que con mucho trabajo se 
vio realizado. Gracias mamá, por todo lo que 
has hecho por mí. 
 
 
A mi hermano y mi papá, quienes vieron como 
fue tomando forma este trabajo para poder ser 
concluido y sobre todo por el apoyo brindando. 
 
 
A Paulina le dedico esta tesis por su apoyo y 
tolerancia, así como su consejo y paciencia, ya 
que en momentos críticos siempre estuvo a mi 
lado, soportando muchas veces mi carácter 
voluble y en algunas ocasiones mi 
desmotivación y frustración, ayudándome en 
muchas ocasiones a concluir este trabajo. 
 
 
Este trabajo es dedicado a mis compañeros 
quienes tuvieron que soportar las múltiples 
conferencias y platicas de seminario, que en 
muchas ocasiones fueron aburridas. Gracias a 
su apoyo y preguntas es que este trabajo fue 
terminado. 



Contents

Acknowledgements. v

Abstract xvii

Resumen xix

1 Introduction. 1
1.1 Aims. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 General . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.2 Goals. . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2.1 Forward Problem. . . . . . . . . . . . . . . . 3
1.1.2.2 Inverse Problem. . . . . . . . . . . . . . . . . 3

1.2 Problem Statement. . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Proposed Solution. . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Thesis Organization. . . . . . . . . . . . . . . . . . . . . . . . 5

2 State of the Art. 7
2.1 Problem Statement. . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Main Problem. . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Variations of the sparse matrix method. . . . . . . . . . . . . . 11
2.4 Trust Region Sub-problem Method. . . . . . . . . . . . . . . . 12
2.5 The Finite-Element Method. . . . . . . . . . . . . . . . . . . . 15

2.5.1 Mesh Generation. . . . . . . . . . . . . . . . . . . . . . 15
2.5.2 Electrodes Number, Independent Measurements and

Resolution. . . . . . . . . . . . . . . . . . . . . . . . . 16
2.5.3 Finite-Element mesh warping. . . . . . . . . . . . . . . 16
2.5.4 Gauss-Newton Model. . . . . . . . . . . . . . . . . . . 17
2.5.5 Back-projection Model. . . . . . . . . . . . . . . . . . . 18

vii



viii CONTENTS

2.5.6 Tikhonov's Regularization Method. . . . . . . . . . . . 19
2.6 Simulations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6.1 Methodology. . . . . . . . . . . . . . . . . . . . . . . . 20
2.6.2 Exact Analytic Expressions. . . . . . . . . . . . . . . . 25

2.6.2.1 Exponential Conductivity Function. . . . . . 26
2.6.2.2 Polynomial conductivity Function. . . . . . . 27
2.6.2.3 Lorentzian Conductivity Function. . . . . . . 27
2.6.2.4 Sinusoidal Conductivity Function. . . . . . . . 28

2.6.3 Geometrical Conductivity Functions. . . . . . . . . . . 29
2.6.3.1 Circle at Center Conductivity Function. . . . 31
2.6.3.2 Five-Disk Structure Conductivity Function. . 32
2.6.3.3 Triangles Conductivity Function. . . . . . . . 33

2.6.4 Discussion. . . . . . . . . . . . . . . . . . . . . . . . . 34
2.6.5 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Forward Problem. 39
3.1 Taylor's Series in Formal Powers Method. . . . . . . . . . . . . 40

3.1.1 Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.2 Formal Powers . . . . . . . . . . . . . . . . . . . . . . 45
3.1.3 Bi-dimensional Electrical Impedance Equation. . . . . 46

3.2 Numerical Approximation of the Formal Powers. . . . . . . . . 46
3.3 Comparison with the Finite-Element Method. . . . . . . . . . 50
3.4 Simulation Results. . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4.1 Smooth Domain. . . . . . . . . . . . . . . . . . . . . . 52
3.4.1.1 Exponential Conductivity Case. . . . . . . . . 52
3.4.1.2 Lorentzian Conductivity Case. . . . . . . . . 53
3.4.1.3 Polynomial Conductivity Case. . . . . . . . . 54
3.4.1.4 Sinusoidal Conductivity Case. . . . . . . . . . 55
3.4.1.5 First Geometric Case. . . . . . . . . . . . . . 56
3.4.1.6 Second Geometric Case. . . . . . . . . . . . . 58
3.4.1.7 Third Geometric Case. . . . . . . . . . . . . . 59
3.4.1.8 Fourth Geometric Case. . . . . . . . . . . . . 61

3.4.2 Comparison with the Finite-Element Method. . . . . . 63
3.4.2.1 Exponential Conductivity Function Case. . . 64
3.4.2.2 Sinusoidal Conductivity Function Case. . . . 65
3.4.2.3 Lorentzian Conductivity Function Case. . . . 68

3.5 Discussion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.6 Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72



CONTENTS ix

4 Inverse Problem. 73
4.1 Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.1.1 Regularization Process. . . . . . . . . . . . . . . . . . . 74
4.1.2 Proposed Method 1. . . . . . . . . . . . . . . . . . . . 78
4.1.3 Proposed Method 2. . . . . . . . . . . . . . . . . . . . 79

4.2 Simulation Results. . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2.1 Theoretical Cases. . . . . . . . . . . . . . . . . . . . . 85

4.2.1.1 Methodology. . . . . . . . . . . . . . . . . . . 85
4.2.1.2 First Geometric Case. . . . . . . . . . . . . . 86
4.2.1.3 Second Geometric Case. . . . . . . . . . . . . 89
4.2.1.4 Third Geometric Case. . . . . . . . . . . . . . 91
4.2.1.5 Fourth Geometric Case. . . . . . . . . . . . . 94
4.2.1.6 Fifth Geometric Case. . . . . . . . . . . . . . 96
4.2.1.7 Sixth Geometric Case. . . . . . . . . . . . . . 98
4.2.1.8 Seventh Geometric Case. . . . . . . . . . . . . 100
4.2.1.9 Discussion. . . . . . . . . . . . . . . . . . . . 102
4.2.1.10 Conclusion. . . . . . . . . . . . . . . . . . . . 103

4.2.2 Real Case Simulation . . . . . . . . . . . . . . . . . . . 105
4.2.2.1 Generalized Backprojection Model. . . . . . . 105
4.2.2.2 Methodology. . . . . . . . . . . . . . . . . . . 109
4.2.2.3 Simulations. . . . . . . . . . . . . . . . . . . . 109
4.2.2.4 First Controlled Case. . . . . . . . . . . . . . 111
4.2.2.5 Second Controlled Case. . . . . . . . . . . . . 113
4.2.2.6 Discussions. . . . . . . . . . . . . . . . . . . . 116
4.2.2.7 Conclusions. . . . . . . . . . . . . . . . . . . . 116

5 General Conclusions. 119
5.1 Future work. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Bibliography 123

Index 136

Appendix A: List of Publications. 141

Appendix B: Published Papers. 143
Scopus Citation References. . . . . . . . . . . . . . . . . . . . . . . 143

Journals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143



x CONTENTS

Book Chapters. . . . . . . . . . . . . . . . . . . . . . . . . . . 184
Conference Proceedings. . . . . . . . . . . . . . . . . . . . . . 186

Appendix C: Awards Granted. 195



List of Tables

3.1 Exponential conductivity function approximation. . . . . . . . 53
3.2 Lorentzian conductivity distribution approximation. . . . . . . 54
3.3 Polynomial conductivity distribution approximation. . . . . . 55
3.4 Sinusoidal conductivity distribution approximation. . . . . . . 56
3.5 First geometric conductivity distribution approximation. RD

is the value imposed for the red disk and BD is the value for
the blue one. . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.6 Second geometric case: Small disk out of the center domain.
Variation of the �rst geometric case. . . . . . . . . . . . . . . 59

3.7 Third geometric conductivity distribution: Five-disk structure
approximation. . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.8 Complementary case approximation. Five-disk structure . . . . 61
3.9 Square conductivity distribution. . . . . . . . . . . . . . . . . 62
3.10 Complementary simulation for square conductivity distribution. 63
3.11 Exponential conductivity σ function approximation. A com-

parison between the FEM and NPSM. . . . . . . . . . . . . . 65
3.12 Sinusoidal conductivity function: Comparison between NPSM

and FEM methods. . . . . . . . . . . . . . . . . . . . . . . . . 68
3.13 Lorentzian conductivity distribution. A comparison between

NPSM and FEM method. . . . . . . . . . . . . . . . . . . . . 69

4.1 Centred circle error assessment and computing time. . . . . . 87
4.2 Centred circle conductivity distribution. . . . . . . . . . . . . 88
4.3 Displaced circle conductivity distribution error and computing

time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.4 Displaced circle conductivity distribution. . . . . . . . . . . . 90
4.5 Two circles conductivity distribution errors and computing

times. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

xi



xii LIST OF TABLES

4.6 Two circles conductivity distribution. . . . . . . . . . . . . . . 93
4.7 Three disk within domain error assessment and computing time. 94
4.8 Three circle located within the domain. . . . . . . . . . . . . . 95
4.9 Half circle centred error assessment and computing time. . . . 97
4.10 Half circle centred conductivity distribution. . . . . . . . . . . 97
4.11 Two triangles error assessment and computing time. . . . . . . 98
4.12 Two triangles within a unit disk conductivity distribution. . . 99
4.13 Centred square conductivity distribution errors and comput-

ing time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.14 Approximation for square at center conductivity distribution. . 101
4.15 Five controlled porcine laboratory subjects with left lung in-

jured by acid [37]. . . . . . . . . . . . . . . . . . . . . . . . . 110
4.16 Real approximation for the �rst controlled hog image. . . . . . 111
4.17 Real approximation for the �rst-controlled hog error assess-

ment and computing time. . . . . . . . . . . . . . . . . . . . . 112
4.18 Real approximation for the �rst controlled hog image improved

resolution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
4.19 Real approximation for the �rst-controlled hog with improved

resolution error assessment and computing time. . . . . . . . . 113
4.20 Real approximation for the second controlled hog. . . . . . . . 114
4.21 Real approximation for the second-controlled hog resolution

error assessment and computing time. . . . . . . . . . . . . . . 114
4.22 Real approximation for the second controlled hog image im-

proved resolution. . . . . . . . . . . . . . . . . . . . . . . . . . 115
4.23 Real approximation for the second-controlled hog with im-

proved resolution error assessment and computing time. . . . . 115



List of Figures

2.1 Variation of the sparse matrix method.[98] . . . . . . . . . . . 12
2.2 Finite-Element Method (see [98]). . . . . . . . . . . . . . . . . 17
2.3 Triangle shape for the FEM, lineal model. . . . . . . . . . . . 22
2.4 Finite-Element Method, re�ned triangle. . . . . . . . . . . . . 23
2.5 Finite-Element Method, triangle shape with polynomial order

three. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.6 Finite-Element Method mesh. . . . . . . . . . . . . . . . . . . 26
2.7 a) Exponential function σ = ex+y, b) FEM approximation. . . 27
2.8 a) Polynomial function σ = a+ cx+ cy, b) FEM approximation. 28

2.9 a) Lorentzian function σ =
(

1
x2+Lc

)
·
(

1
y2+Lc

)
, b) FEM ap-

proximation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.10 a) Sinusoidal function (2 + cos(ωπx))·(2 + sin(ωπy)), b) FEM

approximation. . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.11 FEM domain with 16 electrodes mesh. . . . . . . . . . . . . . 30
2.12 Circle at center within a unit disk domain. . . . . . . . . . . . 31
2.13 FEM approximation. . . . . . . . . . . . . . . . . . . . . . . . 31
2.14 Five-disk structure conductivity function within a unit disk

domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.15 Comparison using FEM. . . . . . . . . . . . . . . . . . . . . . 33
2.16 Triangle shape conductivity function within a unit disk domain. 33
2.17 FEM approximation. . . . . . . . . . . . . . . . . . . . . . . . 34

3.1 First geometric conductivity case: Two disks located at center
within the domain Ω. . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 Second geometric case: Circle out of the center. . . . . . . . . 58
3.3 Third geometric case: Five disk structure. . . . . . . . . . . . 60
3.4 Square conductivity distribution. . . . . . . . . . . . . . . . . 62

xiii



xiv LIST OF FIGURES

3.5 Comparison between NPSM and FEM methods. Comparison
for an exponential conductivity function within a unit disk
domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.6 Sinusoidal conductivity distribution. Comparison between
NPSM and FEM methods. . . . . . . . . . . . . . . . . . . . . 67

3.7 Comparison between NPSM and FEM approximation for a
Lorentzian conductivity distribution. . . . . . . . . . . . . . . 70

4.1 Flowcharts use for the Electrical Impedance Tomography
problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Hybrid method 1, �rst approximation by the NPSM and the
�nal approaching by the FEM. . . . . . . . . . . . . . . . . . . 80

4.3 Hybrid method 2, �rst approximation by FEM and the �nal
approaching by NPSM. . . . . . . . . . . . . . . . . . . . . . . 83

4.4 First geometric case: Circle at centre conductivity distribution. 87
4.5 Displaced circle conductivity distribution. . . . . . . . . . . . 89
4.6 Two circles conductivity distribution. . . . . . . . . . . . . . . 91
4.7 Three disk located within the unit disk domain. . . . . . . . . 94
4.8 Half centred circle inside a unit disk domain. . . . . . . . . . . 96
4.9 Triangles within the domain. . . . . . . . . . . . . . . . . . . . 98
4.10 Centred square conductivity distribution. . . . . . . . . . . . . 100



List of Algorithms

1 Sequential algorithm for solving the forward problem of the 2D
impedance equation. (see e.g. [19]) . . . . . . . . . . . . . . . . 51

2 Modi�ed Taylor's series in formal power method. . . . . . . . . 76
3 Hybrid method 1: Forward then inverse approximation. . . . . . 81
4 Hybrid method 2: Inverse then forward approximation. . . . . . 84

xv



xvi LIST OF ALGORITHMS



Abstract

The Electrical Impedance Tomography (EIT) is a low-cost non-invasive tech-
nique used to monitor chronic diseases, such as tumours. This work is mainly
dedicated to the study of EIT, that remains considered as an ill-posed and
high-complexity problem.

The main of this dissertation is the designing of numerical solutions for
EIT, and for the forward problem of the electrical impedance equation.

In order to better understand the EIT problem, di�erent State-of-the-Art
techniques are reviewed, with the purpose to select a convenient reference
method. Among all studied techniques, the Finite-Element Method (FEM)
has been chosen because it has proven its e�ciency and permits an easy
adaptation for the electrical impedance equation. One drawback of this tech-
nique is the di�culty if reconstruction for conductivity distribution in form
of geometrical �gures, with edges or non-smooth shapes.

In the current work, the Taylor's series in formal powers' method (NPSM)
was performed and was justi�ed as an adequate approach for forward prob-
lem. This novel method was compared with FEM employing imposed con-
ductivity functions as initial data.

The Lebesgue measure is used as accuracy metric for comparison of the
designed method with the FEM one. Even though the results were accept-
able, the stability obtained by NPSM demonstrated the necessity to employ a
regularization process. The Tikhonov's regularization method has been intro-
duced to stabilize the NPSM's approximation, modifying designed method.
The stabilized approximation was obtained resulting in novel hybrid method
in two variants that use together NPSM and FEM approaches.

Novel proposal approximates the inverse problem of the electrical
impedance equation proving its computational e�ciency and reconstruction
accuracy. The accuracy of the method was investigated using the quality im-
age assessments, in particularly employing commonly used criteria: PSNR,

xvii



xviii Abstract

MSE, SSIM, and via subjective perception analysis, exposing error images of
conductivity reconstructed.

The designed hybrid approach can easily be adapted depending upon the
initial conditions given for the problem. This new technique has been tested
in real-physics measurements demonstrating the possibility to utilize this
novel approach under practical conditions. The comparison of the designed
hybrid approach and FEM in inverse EIT problem clearly shows the advan-
tage of novel method, performing better quality results in form as objective
criteria PSNR and SSIM values as well in subjective perception analysing
reconstructed images.

Meanwhile, the analysis of the obtained results showed that the stability
and speed of designed proposals are better than the approximation obtained
by FEM.



Resumen

La técnica de Tomografá por Impedanca Eléctrica es una herramienta de im-
agenología médica no invasiva y de bajo costo, si se compara con las técnicas
de más frecuente uso en hospitalización. La disertación está principalmente
dedicada al estudio de este tipo de tomografía, que hasta la fecha de edi-
ción del presente documento, se considera aún un problema incorrectamente
planteado y con un muy alto grado de complejidad matemática para resol-
verse.

Una de las principales aportaciones de este tratado es la aproximación
de soluciones numéricas para el problema de Tomografía por Impedancia
Eléctrica, comenzando por aproximar soluciones para el problema directo
de la ecuación de impedancia eléctrica, mediante el uso del método de se-
ries de Taylor en potencias formales, para ser usadas posteriormente como
punto de partida en nuevos algoritmos basados en el Método del Elemento
Finito, reforzado con un proceso de regularización, que aproximan soluciones
numéricas del problema inverso.

Más aun, esta tesis contiene una extensa revisión crítica del Estado del
Arte de los métodos basados en elemento �nito, que ha probado su e�ca-
cia en la resolución de este tipo de problemas, pero que aún presenta serias
desventajas, como el alto costo computacional que exige el estudio de dis-
tribuciones de conductividad con �guras geométricas que contienen esquinas,
o cuyos dominios incluyen puntos no suaves.

La medida de Lebesgue se emplea como referencia de exactitud y precisión
para comparar el desempeño entre las diversas variaciones mejoradas del
elemento �nito, que emplea como método de regularización adicional una
variación optimizada del método de Tikhonov.

De hecho, como consecuencia de la combinación del cálculo de soluciones
para el problema directo empleando series de Taylor en potencias formales,
y el uso de dichas soluciones como condiciones de frontera para la resolu-

xix



xx Resumen

ción del problema inverso empleando el Método del elemento Finito antes
referido, esta disertación presenta un método híbrido novedoso para estudiar
el problema de Tomografía por Impedancia Eléctrica, que desde las perspec-
tivas descritas en las páginas consecuentes, arroja resultados superiores a los
obtenidos con el resto de los métodos analizados en el Estado del Arte.

Debe resaltarse que en no pocas ocasiones, los datos empleados en el
análisis numérico provinieron de mediciones físicas reportadas en otros tra-
bajos, y que la calidad de las imágenes obtenidas da fe de la contribución
cientí�ca de esta disertación.



Chapter 1

Introduction

The Electrical Impedance Tomography (EIT) is a non-invasive imaging pro-
cedure that can be used in Medicine. EIT uses electrodes that are set in the
surface of any object, in this case the human body, in order to introduce
low-voltages to the inner body. These voltages are used to show the inner
parts of an object or body (see e.g. [60]).

There exists an assortment of techniques that are employed for monitoring
and constructing the inner body into images. All these works use the di�erent
approximation techniques to perform real applications in order to estimate
the solution to this di�cult problem. Following to [65], the neural networks
and fuzzy sets are employed to calculate the forward problem of (1.1). These
researches are developed in order to approximate faster solutions to both
problems, but emphasizing the results obtained in the arti�cial intelligence
�eld.

In [53], the authors use electrodes in a human thorax. The approximation
was made by a conductivity estimation using the fast inversion of the eigen-
value and eigenvector in the electrical impedance equation (see e.g. [52]).
On the other hand, [61] proposed a multi-phase �owing monitoring using a
phantom for EIT problem. Furthermore, [51] uses a multi-phase level frame-
work to obtain the bio-luminescence inside the human body. Nevertheless,
the wide variety of the algorithms and methods has the same goal that it is
necessary to obtain a solution for EIT.

EIT was mathematically posed in 1980 by A. P. Calderon (see e.g. [23]),
in which the equation that represents the problem is as follows:

div (σgradu) = 0, (1.1)

1



2 Chapter 1: Introduction.

where σ is the conductivity, and u is the electric potential in the boundary
Γ for a domain Ω within.

The equation (1.1) is very important to understand the main problem,
that shall be divided in two di�erent sub-problems:

• Forward problem.

• Inverse problem.

The forward problem of (1.1) is easier to solve than the inverse problem.
For the forward problem of the electrical impedance equation, the initial
conditions are the conductivity σ for a unit disk domain Ω, in which the
electric potential u|Γ should be calculated.

However, the inverse problem of the electrical impedance equation of (1.1)
is more di�cult to solve because the initial conditions given are the electric
potential u at the boundary Γ for a unit disk domain Ω and the calculation
of the conductivity σ should be performed.

For more than twenty years since the formulation of the problem was pub-
lished, the mathematical complexity of (1.1) was considered for many experts
in the �eld as an ill-posed problem and impossible to obtain an analytic gen-
eral solution (see e.g. [98]), even for the simple cases for the conductivity
σ. In this case the correct understanding of the Maxwell's equations in a
di�erential form should be used for a better analysis (see e.g. [68]).

Some works are dedicated to medical applications such as the study of
the human thorax. In this study the comparisons between all the soft tissues
within the thorax were developed to determine the lung function (see e.g.
[15]). In addition, [14] describes the lung airing in mechanically ventilated
patients, showing the physiological measurements between the inspiration
and expiration.

Other works dedicated to the study of EIT are: According to [49], in which
the detection/location of cancer in skin, breast or cervix were developed. In
addition, following to [26], in which the obtained localization of the epileptic
foci imaging brain activity is the main contribution.

Nevertheless, FEM is not closed only to the Medical Imaging �eld, it is
also used in geophysics and industrial process monitoring, where the tech-
nique is known as electrical resistivity tomography (see e.g. [12]). Similar to
EIT, surface electrodes are placed on the earth, within bore holes, or inside a
vessel or pipe in order to locate resistivity anomalies or monitoring mixtures
of conductivity �uids.
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1.1 Aims

1.1.1 General aims

• Design a method that calculates the electric potential u when the con-
ductivity σ is known within the domain (Forward Dirichlet boundary
value problem).

• Design a method that reconstructs the conductivity σ function for given
electric potential u to the boundary domain (Inverse Dirichlet boundary
value problem, or EIT).

1.1.2 Goals

1.1.2.1 Forward Dirichlet boundary value problem

• Study and justify the relationship between the electric potential u at
boundary and the inner conductivity function σ into the domain.

• Propose and develop a novel method that estimates the electric poten-
tial u through conductivity σ inside the domain.

• Optimize the numerical algorithm proposed that calculates the electric
potential u at boundary domain.

• Compare the proposal technique with State-of-the-Art methods.

1.1.2.2 Inverse Dirichlet boundary value problem, or EIT

• Investigate and synthesize the relationship between the conductivity
function σ and the electric potential u for a chosen domain.

• Design a method that uses the electric potential u to reconstruct the
estimated conductivity function σ within the domain.

• Optimize the numerical algorithm that calculates the conductivity
function σ.

• Compare the proposed method with state-of-the-art techniques.
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1.2 Problem statement

The concept of ill-posed was changed in 2005 when V. Kravchenko (see e.g.
[55]) noticed that the two-dimensional case of (1.1) was completely equivalent
to the special case of the Vekua equation (see e.g. [95]). One year later, K.
Astala and L. Päivärinta (see e.g. [3]) discovered independently this relation,
giving a positive answer to the Calderon's problem in the plain (see e.g. [23]).

Many important works were developed later, such as [57] published in
2007. It can be considered as the �rst general analytic solution of (1.1).
Furthermore, this solution was proposed at least for certain σ conductivity
distributions and using the Taylor's series in formal powers (see e.g. [56], [27],
[25] and [24]). All these works began their analysis with the Pseudoanalytic
Function Theory posed by L. Bers in 1963 (see e.g. [13]) and analyzed again
by V. Kravchenko in 2005 (see e.g. [56]).

Current study tries to focus on a relevant and recently discovery, in which
a completeness proof using the set of Taylor's series in formal powers (NPSM)
in a delimited domain could be used to approximate solutions to Dirichlet
boundary problems in the plane for the electrical impedance equation (see e.g.
[25] and [78]). This proposition is valid when the conductivity σ distribution
can be expressed by a piece-wise separable variable function (see e.g. [47] and
[81]).

1.3 Proposed solution

Current dissertation is fully dedicated to analysis and study the forward and
inverse Dirichlet boundary value problems. Such problems were considered
as an ill-posed problem in the Hadamard sense (see e.g. [43]). It is known
that a problem can be considered well-posed if a mathematical and physics
phenomenon should have the following properties:

1. The solution exists.

2. The solution is unique.

3. The solution's behavior does not strongly change with the small alter-
ations of the initial conditions.

Summarizing, even when the solution exists and could be considered as
unique, the behavior of (1.1) is changed depending on the conditions given
(see e.g. [98]).
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In this sense the forward problem could be solved by NPSM (see e.g. [70]).
Furthermore, this technique could be used for given initial conditions to the
inverse problem of (1.1). A discussion takes place when the conductivity σ is
extended in cases for non-separable variables in the plane (see e.g. [90] and
[100]). This research will emphasize the numerical approximations obtained
by NPSM.

This study relies in the form to employ the elements of the Pseudoanalytic
Function Theory in more speci�c problems, such as in the engineering and
other scienti�c �elds. One of the most important �elds is Medical Imaging,
where its main objective is to obtain a more accurate and fast method to
diagnose and monitoring diseases. For this reason, this work is dedicated to
study NPSM that could obtain better approximations, and could be consid-
ered as a possible solution in this �eld (see e.g. [73]).

Furthermore, in this work, the possibility to employ the forward problem
of (1.1) is analyzed to compute an approximation of the electric potential u.
Once it has been computed, the solution is utilized in the inverse problem
to calculate the conductivity function σ. It means that the solution to the
forward problem is employed as the initial condition to the inverse problem.

Basically, the proposed method is used in presence of non-separable and
piece-wise separable conductivity variable functions to perform these approx-
imations (see e.g. [100]). Moreover, the possibility to use this method in non-
smooth domains is introduced, but it is studied widely in these works (see
e.g. [72] and [79]).

1.4 Thesis organization

The structure of current dissertation contains the following chapters, that
they will be organized as follows:

• Chapter 1 (Introduction) explains the problem to be analysed, it
is EIT problem. This chapter contains the subsections: Aims, problem
statement, in which the problem is explained and the reasons to use
this theory; the proposed solution that is used and explained for the
EIT problem and its possible approximations. Finally, the organization
of the present work is exposed.

• Chapter 2 (State of Art) the State-of-the-Art techniques are in-
troduced where several important techniques that could be used to
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approach the solution to the forward and inverse problem of (1.1).
This chapter contains a brief demonstration of the approximation of
the classical methods such as Finite-Element Method (FEM) and the
problem statement as well as the deduction of the electrical impedance
equation.

• Chapter 3 (Forward Dirichlet boundary value problem) NPSM
and its origin are exposed in this chapter. At last but not the least,
the Pseudoanalytic Function Theory is used to develop a base method
upon this theory. Lastly, a comparison of this method with FEM closes
this chapter, including a discussion and conclusion for this chapter.

• Chapter 4 (Inverse Dirichlet boundary value problem), the
novel proposals are introduced in this chapter. Two-hybrid methods
are utilized to approximate the solution to the inverse problem. In the
end of this chapter, the discussion and conclusion are exposed.

• Chapter 5 (Conclusions), the general conclusions are exposed ex-
plaining the possibility to obtain and to study these methods in a
di�erent �eld of the engineering. Lastly, a possible future works are
discussed.

• Appendices A, B and C, presents the scienti�c papers published
during the elaboration of this dissertation, (book chapters, conference
papers proceedings, JCR articles) published during the post-grade pe-
riod and the awards granted obtained.

a



Chapter 2

State of the Art

2.1 Problem statement

The contemporary form of the problem �nds its origin upon the classical
electrodynamics �eld theory. More precisely, the Maxwell's equations are a
set of partial di�erential equations and, together with the Lorentz force law,
represent the main of the Electrical Impedance Tomography (EIT) problem
(see e.g. [68]). In addition, [63] conforms the background of the main problem
by means of the Maxwell's equation, presented in di�erential form, and it
shall be analysed in the forward paragraphs.

Ampere's Law

This law states that the electric �eld emanated from within a closed three-
dimensional body, is proportional to the charge con�ned inside it. Further-
more, the equation governing this phenomena is usually posed as follows (see
e.g. [64] and [63]).

rot
−→
H =

−→
j + ∂t

−→
D, (2.1)

where
−→
H is the magnetizing �eld,

−→
j is the vectorial current density, and

−→
D

is the electrical current induction vector for the static case. Thus, for this
particular case ∂t

−→
D = 0.

7
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Ohm's Law

This law establishes that the current �owing within a conductor from one
transversal section till another, is directly proportional to the voltage across
those sections (see e.g. [64] and [63]). A simple example in Physics is expressed
as follows: −→

j = σ
−→
E , (2.2)

where σ is the conductivity function,
−→
j is denoting the current density vector

and
−→
E represents the electric �eld.

Faraday's Law

This law describes how a time varying magnetic �eld induces an electric �eld.
The subsequent statement expresses this law (see e.g. [64] and [63]):

rot
−→
E = −∂t

−→
B , (2.3)

where
−→
E is the electric �eld and

−→
E = −gradu, −→B denotes the induction

magnetic �eld. The (rot) operator can also be expressed as (∇×) operator
and it is known as curl.

Gauss' Law

This law studies the relationship existing among a static electric �eld and
the electric charges that cause it (see e.g. [64] and [63]). The static electric
�eld points away from positive towards negative charges.

div
−→
B = 0, div

−→
D = ρ, (2.4)

where ρ is the total charge density and
−→
D is the displacement �eld or the

electric induction.

Constitutive relations

For the Maxwell's macroscopic equations, it is necessary to specify the rela-
tions between the displacement �eldD, the magnetizing �eldH, the magnetic
�eld B and the electric �eld E (see e.g. [64] and [63]). In Real-world materials,
it is equivalent to constitute these rarely equations that are fully equivalent
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to specify the dependence of the polarization P or the bound charge and the
magnetisation M , or the bound current on the applied magnetic �eld.

These equations can be observed in the following statement:

−→
D = ξ · −→E , −→

B = µ · −→H, (2.5)

where ξ denotes the electric permittivity, µ represents the magnetic perme-
ability and

−→
H is the magnetic �eld.

Deduction of the Electrical Impedance Equation

Once the Maxwell's basic theory has been exposed, the deduction of the
electrical impedance equation follows immediately (see e.g. [64] and [63]).
Thus, let us employ the Ampere's law in a di�erential form:

rot
−→
H =

−→
j + ∂t

−→
D.

The divergence (div) operator is applied in both sides of the equation,
and taking into consideration that div(rot

−→
H ) = 0, the resultant statement is

given as:
0 = div(

−→
j + ∂t

−→
D).

By using the commutative property, this last equation turns into

0 = div
−→
j + ∂tdiv

−→
D. (2.6)

By considering the static case, this is ∂tdiv
−→
D = 0, we obtain div

−→
j = 0.

Furthermore, utilizing (2.2), the equation can be expressed as follows:

div (σ gradu) = 0. (1.1)

This equation is also known as the electrical impedance equation or elec-
trical conductivity equation, and the inverse problem is usually referred as
Electrical Impedance Tomography (EIT) (see e.g. [23] and [98]).

2.2 Main problem

As a matter of fact, we are interested in two particular classes of boundary
value problem: the forward problem and the inverse problem. From another
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point of view, the mathematical expression (1.1) can be employed to represent
two di�erent sub-problems, depending on the complexity and the imposed
initial conditions. Both problems are highly di�cult to solve. For this work,
on behalf of simpli�cation for numerical calculations, the proposed domain
is the unit disk (see e.g. [20]).

The �rst problem of (1.1), also known as the forward problem of the
electrical impedance equation, attempts to obtain the electric potential u
when the inner conductivity σ is given. The awkwardness is to approximate
the electric potential u|Γ at the boundary. Meanwhile, the second problem of
(1.1), also known as the inverse problem of the electrical impedance equation,
requires to calculate the inner conductivity distribution when the electric
potential u is given for (1.1) at the boundary.

For the forward problem of (1.1), there are many di�erent techniques that
approximate the electric potential u|Γ. The Finite-Element Method (FEM)
proves to be one of the best choices for this di�cult toil.

The FEM attempts to convert a complex mathematical expression into
a linear equation to solve (see e.g. [31]). These classes of problems are com-
monly studied in the Engineering �elds (see e.g. [38] and [41]).

This chapter is dedicated to study di�erent techniques that are used to
approximate the solution for both forward and inverse problems of (1.1) (see
e.g. [70]). The following methods are used because of its importance when
solving such problems of (1.1).

• Variation of sparse matrix method.

• Trust region sub-problem method.

• Neural networks and fuzzy sets approaches.

• Finite-Element Method:

� Gauss-Newton model.

� Back-projection model.

� Tikhonov regularization method.

All these techniques are used in the Calderon's problem (see e.g. [23]), an-
other for to refer EIT problem, to approximate the solution. In the following
sections, these techniques will be studied to understand better the behaviour
of EIT problem.
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2.3 Variations of the sparse matrix method

Let us establish a �nite set of points {zk}Nk=1 belonging to the boundary Γ of
the domain Ω, and let {uk}Nk=1 be the values of the electric potential u at such
points. Let the unitary vector −→n k be tangent to some point zk ∈ {zk}Nk=1.
Then, the Neumann condition for (1.1) at the zk point can be posed as:

jk = 〈σ grad u,−→n k〉 , (2.7)

where 〈, 〉 represents the two-dimensional Cartesian inner product, and jk is
the super�cial current density at such point; whereas the Dirichlet condition
will be given by (1.1)

div (σ grad u) |Γ = 0, (2.8)

evaluated in such zk.
Furthermore, let us suppose that the conductivity σ within the domain

Ω can be represented as the junction of identical geometric �gures σM , in
which all of them posses a constant conductivity value. Let the vector −→σ =
(σ1, σ2, . . . , σM) be conformed by such values.

Thence, introducing a vector

−→u = (u1, u2, . . . , uN) , (2.9)

where uk, k = 1, 2, . . . , N are the elements that belongs to {uk}Nk=1, then it
can be established a relationship between −→u and −→σ as it follows:

Aσ
−→σ = −→u . (2.10)

Hence, the main is to approximate the Aσ matrix such that the last
equality is true. Therefore, when N = M , it is possible to use the incom-
plete Cholesky factorization method , in which it is considered a sparse matrix
method, to approach Aσ (see e.g. [40]). This is a classic method used to ap-
proximate the solution of the inverse problem of (1.1), and properly analysed
in many works (see e.g. [98]).

In the following paragraphs, an important example can be found in [11],
where it is used the incomplete Cholesky factorization method together the
conjugated gradient method (see e.g. [4]), in which it is suggested a �rst-class
technique for the lung function medical monitoring of the neonate.

Principally, the conjugated gradient method supplies a convenient com-
putational velocity taking into a consideration its importance for the medical
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Figure 2.1: Variation of the sparse matrix method.[98]

imaging. It is remarkable, that the authors in [45] considered a complemen-
tary technique that allows to estimate the shape of the surface where EIT is
taking place, in order to improve the accuracy and the image resolution.

However, a natural limitation of this technique resides within the maxi-
mum number N of points belonging to the boundary Γ, that will be taken
into account when making the calculus. It becomes evident in the necessity
of establishing a convenient relationship between the computing time and
the desired accuracy of the image.

It is possible to infer that when the number N increases the resolution
(without over passing the physical restrictions), and the accuracy of the
reached image do it too. However, for this case, the time needed for the
mathematical calculation could be consequently very large, and the tech-
niques could be useless for the clinical applications described before. Fur-
thermore, the convergence problems that are presented when the number of
equations increase depends upon the size of the matrix Aσ.

Another challenge is posed due to the geometrical shapes selected for
the components σM , in which the domain Ω will be divided. Hence, such
behaviour could be irregular, sometimes is considered chaotic, then, the se-
lection of a geometrical shape for the components σM in the domain Ω will
be decomposed and play an important role when solving the inverse problem
of (1.1).

2.4 Trust region sub-problem method

This method was posed to set a regularization criterion that can be used
for the measurements, in which an analogical noise was presented in the
boundary electrodes around the domain. However, this application can be
extended to the adjustment of the conductivity σ distribution, once an error
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E function is given.
In general, the procedure rises from a basic property of EIT problem.

The relation between the perturbations in the inner conductivity σ and the
perturbations at the boundary data, is non-linear. Nevertheless, under some
certain circumstances, it is possible to represent this non-linear condition via
convenient arrangement of a �nite set of linear relations.

A brief description of this idea can be formulated following to [69], let
∆Ω be a continuous region inside the domain Ω, and let j be the Fréchet
derivative of the electric potential u with respect of its conductivity σ in ∆Ω.
Therefore, it is possible to verify that the following linear relations holds:

J · x = δu, (2.11)

where x ∈ Rn represents the perturbations on the conductivity σ; δu ∈ Rm,
and J is indeed the Jacobian matrix J ∈ Rm×n.

Obtaining x of (2.11) is not a trivial task due to its non-linear rela-
tion mention before. In [4], it is applied the Conjugate Gradient Method in
(2.11) to overcome it. Therefore, a least square conjugate gradient can be
constructed to approximate the solution to the inverse problem of (1.1):

min
x
||J · x− δu||, (2.12)

where ‖ · ‖ represents the classical Cartesian norm for the Banach space Rn.
In this sense, the least square conjugate gradient is used to construct

�nite elements in the direction of the vector related to large values at the
very �rst iterations. Since the components associated with singular values
become e�ective when more iterations occur. It can say that the number of
iterations η can be considered as a regularization parameter. Then, the stop
condition must be estimated before unwanted elements appear.

Following to [39], an approximation method is used to obtain the solution
of the trust region sub-problem. In [42], a modi�cation of the trust region
sub-problem method is developed for EIT, in which the regularization prob-
lem can be posed as the following quadratically constrained least squared
problem:

Rε = min
x
||J · x− δu||, (2.13)

where ‖x‖ < ε and ε > 0.
Furthermore, following to [92], it is possible to prove that the last for-

mulation is equivalent to the Tikhonov Regularization Method (often used
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when dealing with special class of ill-posed inverse problems). This implies
that (2.13) can be rewritten as:

(
JTJ + α2I

)
xα = JT δU, (2.14)

where JT represents the transpose matrix J , I is the identity matrix and α is
the Tyhonov's parameter. Thus, eqn. (2.13) rises as an optimization problem
of �nding the minimum η such that

η = xTJT jx− JT δux, (2.15)

where ‖x‖2 < ε2.
Moreover, the optimization problem of (2.13) is also known as Trust Re-

gion Sub-problem (TRSP), and its resolution can be approached by sequen-
tially solving (2.15). Thus, it is possible to perform a curve where the mini-
mum reaches the regularization parameter ε and, in consequence, the optimal
number of iterations η, in which the vector x will be the solution of (2.11)
ful�ls the desire accuracy.

According to [39], the main contribution of this method is the possibility
to use the mathematical tools developed by Tikhonov to approach the solu-
tions of EIT problem. However, two critical matters rise immediately when
this method is used:

• The selection of the geometrical shape ∆Ω of the sub-region is strongly
related with the preferred variation of the FEM used for solving the
forward problem of (1.1).

• The optimum number of iterations η, in which the calculus might be
stopped.

It is possible to notice that the �rst problem has a great in�uence into
the second due to its non-liner relation. Indeed, it can be considered chaotic
(see e.g. [66]), considering the low stability in the solutions for EIT problem.
However, the geometry ∆Ω and the number of iterations η are still considered
as an open problem, that it could contribute to TRSP, and it could increase
their viability. Furthermore, it could represent a disadvantage when applying
this method to EIT, but the lack of this study also enhances the relevance
of [39], in which it is posed an interesting application.
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2.5 Finite-Element Method

The main objective to employ the Finite-Element Method (FEM) is to ap-
proach solution for equation the (1.1). This equation can be represented in
two-dimensions as a complex partial derivative expression, that it is very
di�cult to solve, but it can still be approximated. Further subsections are
fully dedicated to study FEM that it is used to approximate the forward and
inverse problems, achieving good solutions for them.

The �rst one introduces a commonly used technique to approach the so-
lution of the forward problem of (1.1). The problem resolution depends upon
the problem to be studied, when the forward problem is approximated, the
known condition is the conductivity σ function and the unknown condition
is the electric potential u (see e.g. [98]).

Meanwhile, the inverse problem possesses higher complexity to solve, be-
cause in this case, the known condition is the electric potential u and the
unknown condition is the conductivity function σ. Many experts in the �eld
considered this problem as an ill-posed (see e.g. [23] and [98]).

This mathematical tool has an implementation known as PDE toolbox
(Partial Di�erential Equation toolbox), that employs FEM to obtain the
forward problem approximation. On the other hand, there exists another im-
plementation also called EIDORS (Electrical Impedance Tomography and
Di�use Optical Tomography Resonance Software). This software is imple-
mented in some mathematical frameworks. The advantage to use it is the
possibility to compute the approximation to the inverse problem, as well as
to the forward problem.

Some disadvantages are presented when FEM is used, for example, calcu-
lating a complex and accurate problem requires high computational resources
and the time-computing increases considerably. In this case, the mesh gen-
eration is a complex task because it requires to divide the domain into small
�nite-elements, making the resolution fully dependent upon the mesh condi-
tions, and due to the mesh robustness, this technique is considered slow.

2.5.1 Mesh generation

The mesh generation is the most important task to be developed before using
FEM (see e.g. [46]). Dividing the domain Ω into a de�nite number of �nite-
elements is the �rst e�ort. For this case, it is commonly used geometrical
�gures such as: triangles or quadrangles (a quadrangle can be divided into
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two triangles, so is more often employed the triangle).
In EIT problem, it is assumed that the resistivity in each element is

homogeneous and isotropic. Thus, this technique turns a continuous problem
with a �nite-number of unknown expressions into an interpolation between
its elements. This technique is also known as discretization.

The elements constitute a determined number of variables taken from
the nodes. Then each value is interpolated in order to give a solution for the
generated functions. This process will be done depending upon the problem
to be solved. For example: the forward problem performs the process from
the centre to the boundary and vice versa for the inverse problem for (1.1).

2.5.2 Electrodes number, independent measurements

and resolution.

The number of electrodes are closely related to the image resolution, since the
electrodes represent the independent measurements that shall be introduced
into the system (see e.g. [44], [30]). Moreover, these electrodes represent the
number of mathematical expression to be solved by FEM (see e.g. [98]). For
the mesh calculation, it should consider the E number of electrodes at the
boundary as a maximum number of equations to be calculated, following the
expression:

f(t) =
E (E− 1)

2
. (2.16)

However, even if the solution can be posed theoretically for a wide amount
of equations, it is possible to suggest a lower number of electrodes at the
boundary and changing the behaviour of the method [98]. Once the mesh is
computed the solution approximation takes place.

2.5.3 Finite-Element mesh warping

The forward problem can be solved by di�erent methods, in which FEM
is the most important technique. Nonetheless, an interesting alternative for
redistributing and changing the initial values given can be gotten when a
proper observation on the electric distribution is applied. This property has
remarked in some works dedicated to EIT for the brain monitoring (see e.g.
[5] and [11]).

Following to [93], a quickly modi�cation of the �nite-element distribution
algorithm is described and proposed for human-head modelling, in which
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Figure 2.2: Finite-Element Method (see [98]).

an elastic deformation took place. In addition, the departure point for this
method takes place on the principle of the minimum potential energy, as it
is suggested in [94]. This deformation is a common technique used to search
an equilibrium when FEM is employed to con�gure the mesh.

Hence, one of the main contributions of this reconstruction method relies,
at least from the theoretical point of view, into the possibility to dash as
smooth as desired from one �nite-element distribution to another, in some
sense, it reduces the posed instability for the inverse problem of (1.1).

However, a disadvantage of this method could be the increment in the
complexity needed for the mathematical calculations, since the variation in
the shape for FEM took place every iteration. Implying the increment on the
computational resources used when FEM approximates the solution for the
forward problem. Some strategies are studied in the following subsections to
understand the functionality of FEM.

2.5.4 Gauss-Newton Model

This model is a recursive method to solve non-linear equations, and it is
useful to obtain images by applying the following equation:

θk+1 = θk + α
(
J tkJk + λW

)−1 (
J tkW (z − h(θk))

)
− λW (θk), (2.17)
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where θ is the unknown physics vector (it could be the conductivity or the
resistance); λ is the regularization parameter, and Jk is the Jacobian matrix
such as:

Jk,i,j =
∂(zi − hi(θ))

∂θj
, (2.18)

in which z is the physic vector measurement of the electric potential, W
denotes the regularization matrix, and h(θk) refers to the observation model
obtained by FEM (see e.g. [98]).

This model is based on the Newton-Raphson method, in which, all the
modi�cations and variations on the method are taken into account. This
method is exposed in further sections, which main goal is to obtain better
results for the forward and inverse problems (see e.g. [93]).

2.5.5 Backprojection Model

Considering the electrical conductivity equation (1.1), it follows:

div (σgradu) = 0, (1.1)

where σ is the conductivity and u is the electric potential. Then

σ
∂U

∂n
= j ∈ ∂Ω, (2.19)

where u is the electric potential, j is the current density in the boundary and
Ω is the main domain.

Thus, when the variations in the equations (1.1) and (2.19) are consider-
ing, the variation in the conductivity σ is referred as δσ, and the variation
of the electric potential U is also denoted as δU , such that:

div (σgradδu) + div (δσ grad u) = 0 ∈ Ω. (2.20)

Moreover, the equation can be exposed as:

σ
∂(δu)

∂n
+ δσ

∂u

∂n
= 0 ∈ ∂Ω. (2.21)

So, the linearising of the main problem is presented as follows:

∇2δu = −div(δσ)gradu ∈ Ω, (2.22)
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∂(δu)

∂n
= 0 ∈ ∂Ω. (2.23)

The linearising of the inverse problem is related to the equations (2.22)
and (2.23) becomes δu|∂Ω due to the variation in the electric potential pre-
sented in the boundary. A constant increasing δσ determines by the di�erent
dipoles setting at the boundary.

The equations (2.22) and (2.23) are simpli�ed using the coordinates (u, v),
where V > 1

2
and P is de�ned for a rectangular region:

∇2δu = −∂(δσ)

∂u
∈ P, (2.24)

∂(δu)

∂v
= 0 ∈ ∂P = v >

1

2
. (2.25)

Following to [9], the next statement can be represented as the average of
the functions:

δσ =
1

m

m∑

j=1

W(s, ωj)|s=u(s,ωj)(2V (x, ωj − 1)), (2.26)

where m is the number of electrodes, W is denoted as the boundary measure
voltage, ω is represented by the position of the electrode, and v is the current
intensity function (see e.g. [101]).

2.5.6 Tikhonov's Regularization Method

Following to [35], this method is frequently used to express non-linear solu-
tions into a �nite set of linear solutions. Furthermore, supposing that for a
continuous region ∆Ω within the domain Ω, the following equation:

J · x = δu, (2.27)

where J is the Jacobian matrix related to the conductivity σ; x ∈ Rm rep-
resents a perturbation in the conductivity distribution σ and δu ∈ Rm×n

denotes the derivative matrix for u.
Then, following to [48] and by using the least squares conjugate gradient

method, the inverse problem of (1.1) can be approached through the following
equation:

RE = min
x
‖J · x− δu‖, (2.28)
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where ‖ · ‖ is the Cartesian norm for the Banach Space, ‖x‖ < E and E > 0,
being eqn. (2.28) equivalent to the Tikhonov regularization method, implying
that it can be rewritten as follows:

(
JTJ + α2I

)
xα = JT δu, (2.29)

where α is the Tikhonov's parameter [92].
Moreover, the eqn. (2.27), it can be solved as an optimization problem,

in which the minimum η needs to be found, as follows:

η = xTJTJ · x− JT δux, (2.30)

in this equation ‖x‖2 ≤ E2 is also known as the TRSP for the equation (2.28),
and its approximation is given for the equation (2.30) (see e. g. [6] and [34]).

The problem relies in searching a continuous region 4Ω inside the do-
main Ω that depends on FEM rules. The computational complexity is still
a problem that increases the calculus of η due to the number of iterations
needed to reach a possible solution (see e.g. [98]).

In addition, TRSP is noise sensible and incorporates the Tikhonov's regu-
larization method, which let us approximate better the conductivity σ within
the domain Ω. This method is exposed in detail in further sections.

2.6 Simulations

The simulations performed using FEM, in which the forward problem was the
backbone for this state of-the-art. Then, just before doing the simulations, it
is proposed a methodology section that explains how to use this numerical
method. This methodology is explained in the following subsection describing
the numerical method.

2.6.1 Methodology

The methodology used in FEM is shown below:

1. The problem needs to be formulated as a variational method.

2. The independent variables' domain should be divided into subdomains
and fully �lled with �nite-elements.
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3. Once the subdomains are located and �lled, the variational problem is
obtained as a system of equations.

4. Finally, the numerical calculation takes place with this system of equa-
tions.

The variational method is obtained by dividing the domain into a �xed
number of �nite-elements. In this case, each �nite-element represents an un-
known value, and the resolution depends upon the created mesh. As it was
mentioned before, an arbitrary domain could be approximated by polygons,
and each polygon is divided into a �x number of elements, that it could be
a triangle or a quadrangle.

Thus, the complete polynomial order would be expressed as:

Πm (x, y) =
m∑

k,l=0

αklx
kyl, (2.31)

where α is a constant and (x, y) represents a coordinate in the plane; in such
case, the function obtained is U(x, y) in symmetrical nodes, 1

2
(m+ 1) (m+ 2)

set in a triangle.
Three special cases exist with triangle representation P1P2P3 with the

coordinates of the edges beginning at (x1, y1), (x2, y2) and (x3, y3).
Following to [98], the �nite-element generation is represented by a triangle

shape, the mathematical equations express roughly FEM employment.
So, the following equation represents the lineal case when m = 1.

Π1(x, y) = α1 + α2x+ α3y =
3∑

j=1

Ujp
(1)
j (x, y),

where {Uj}3
j=1 are values of the function U(x, y) on the vertices pj that are

represented in the following statement:

p1
j(x, y) =

1

Cjkl
(τkl + ηklx− ξkly) =

Dkl

Cjkl
. (2.32)

Moreover,

τkl = xkyl − xlyk, ξkl = xk − xl, ηkl = yk − yl.
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Figure 2.3: Triangle shape for the FEM, lineal model.

This lineal method is fully represented as:

Dkl = det




1 x y
1 xk yk
1 xl yl


 . (2.33)

Furthermore, with any (j, k, l) permutation of (1, 2, 3), it provokes that
the modulus will be twice times the area of the triangle P1P2P3:

Cjkl = det




1 xj yj
1 xk yk
1 xl yl


 . (2.34)

It is more easy to appreciate that the vertices can be calculated as:

p
(1)
j (xk, yk) =

{
1 (j = k)
0 (j 6= k)

(1 ≤ j, k ≤ 3) .

The meshing process could be more accurate if the main triangle is divided
into small triangles, such as the image presented in �gure 2.4.

This is an important case to be considered, because it helps to obtain
a more accurate solution for the polynomial. For this case, the polynomial
representation is:

Π2(xk, yk) =
6∑

j=1

Ujp
(2)
j (x, y),
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Figure 2.4: Finite-Element Method, re�ned triangle.

where {Uj}6
j=1 represent the values of U(x, y) at the vertices Pj(1, 2, 3) and

the intermediate values Pj(4, 5, 6) for the sides P1P2, P2P3 and P3P1 respec-
tively.

Then, the equation p(2)
j (x, y); (j = 1, 2, . . . , 6) is given according to:

p
(2)
j (x, y) = p

(1)
1 (2p

(1)
1 − 1),

with similar data for p(2)
2 (x, y) and p(2)

3 (x, y):

p
(4)
2 (x, y) = 4p

(1)
1 p

(1)
2 .

Additionally, in the same manner, the vertices p(2)
5 (x, y) and p(2)

6 (x, y) are
obtained by using the following statement:

p
(2)
j (xk, yk) =

{
1 (j = k)
0 (j 6= k)

(1 ≤ j, k ≤ 6)

As well as in the previous cases, this triangle frame can be better adapted
more by dividing into smaller triangles, such as in the �gure 2.5.

For the last case, in which the triangle shape grants more accuracy, the
polynomial equation is presented as in the following equation with order
m = 3:

Π3(x, y) =
10∑

j=1

Ujp
(3)
j (x, y),
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Figure 2.5: Finite-Element Method, triangle shape with polynomial order
three.

in the last statement, {Uj}3
j=1 represent the values for U(x, y), in which the

vertices P1, P2, P3 and {Uj}9
j=4 are the values for the intermediate intersec-

tions of the sides, for this case U10 is the value at the center on the �gure.
Thus, the basic expressions are given for:

p
(3)
1 (x, y) =

1

2
p1(3p1 − 1)(3p1 − 2),

such as the last statement, p(3)
2 (x, y) and p

(3)
3 (x, y) are obtained in similar

manner.
Moreover, the other statements for the triangle shape are:

p
(3)
4 (x, y) =

9

2
p1p2(3p1 − 1),

p
(3)
5 (x, y) =

9

2
p1p2(3p2 − 1),

like in the previous calculus, the other vertices p(3)
6 (x, y), . . . , p

(3)
9 (x, y) are

computed similar.
Finally, the last vertex is computed as follows:

p
(3)
10 (x, y) = 27p1p2p3.



2.6. SIMULATIONS. 25

The tenth parameter could be eliminated by using the lineal relation:

U10 =
1

4

9∑

j=4

Uj −
1

6

3∑

j=1

Uj.

The last statements presented in previous cases for polynomial functions
illustrated the �nite-element's mesh generation. This process can be done for
any number of �nite-elements needed. Meanwhile the subdivision processes
were done inside the domain. This procedure is not exclusively for the triangle
shape. It can be used other geometrical �gures, but the most used for this
mesh, is the triangle shape.

The following �gure 2.6 illustrates the common mesh generation for a
circle domain, in which the accuracy and resolution depend upon the number
of �nite-elements subdivision.

In the subsequently section, PDE toolbox is used in order to obtain an
approximation for analytical expressions.

2.6.2 Exact analytic expressions

In this subsection, FEM is used to check the accuracy and the behaviour
presented by solving the forward problem of (1.1). Consequently, FEM is used
on four mathematical expressions to con�rm and achieve the approximations.
The mathematical expression used are:

• Exponential.

• Polynomial.

• Lorentzian.

• Sinusoidal.

These mathematical equations are very di�erent, so, this selection helps
to analyse the behaviour of FEM, when di�erent expressions are used to
approximate the solution to the forward problem of eqn. (1.1). In order to
con�rm the approximation of FEM, the domain to be used is the unit disk
domain, because it is more convenient to work with it.
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(a) 64 �nite elements mesh.
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(b) 256 �nite elements mesh.
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(c) 512 �nite elements mesh.

Figure 2.6: Finite-Element Method mesh.

2.6.2.1 Exponential conductivity function

Let us suppose the following exponential conductivity σ equation:

σ = ex+y. (2.35)

Using the exact function solution for (2.35), the electric potential u is
imposed in the boundary of the unit disk domain.

u|Γ = e−x−y. (2.36)

Both equations (2.35) and (2.36) consider the solution to the forward
problem of equation (1.1). For this reason FEM is used to con�rm that both
equations are solution. In this case, FEM uses the conductivity function σ
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and approximate the electric potential u that it is the solution for the forward
problem and it is illustrated in �gure 2.7.
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(a) Simple mesh
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(b) Complex mesh

Figure 2.7: a) Exponential function σ = ex+y, b) FEM approximation.

2.6.2.2 Polynomial conductivity function

Other important case to understand the behaviour of FEM is the polynomial
case, where conductivity function σ is represented as follows:

σ = a+ cx+ cy, (2.37)

where a and c are coe�cients that are used in the expression to change its
behaviour.

The comparison between the exact solution and the approximation is
needed, and the imposed boundary condition is the electric potential u. That
it is considered as a solution for equation (1.1). It is presented below:

u|Γ = ln(a+ cx+ cy). (2.38)

The polynomial case is approximated to obtain a solution by using FEM
for the equations (2.37) and (2.38). This approximation is illustrated in the
�gure 2.8.

2.6.2.3 Lorentzian conductivity function

Likewise, in the last cases, this mathematical expression is used to understand
the behaviour of FEM. This case is presented when the conductivity function
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(a) simple mesh.
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(b) complex mesh

Figure 2.8: a) Polynomial function σ = a+ cx+ cy, b) FEM approximation.

σ possesses the following form:

σ =

(
1

x2 + Lc

)
·
(

1

y2 + Lc

)
, (2.39)

where Lc is a parameter that cause a change in the expression given. Using
the approximation of the exact solution, in which this electric potential u is
presented as:

u|Γ =
1

3
(x+ Lc)

3 +
1

3
(y + Lc)

3 + Lc (x+ y) . (2.40)

Following last cases, the solution is compared with the exact function.
Thence, the equation (2.39) and (2.40) is used by FEM to approximate the
solution. The approximation obtained is considered as the solution to the
forward problem of equation (1.1). This approximation is illustrated in �gure
2.9.

2.6.2.4 Sinusoidal conductivity function

This case is the most di�cult among all analytical cases, it helps to under-
stand better the behaviour of FEM and the relationship between the con-
ductivity σ function and the electric potential u. For this special case, the
mathematical expression that represents this function is:

σ = (2 + cos(ωπx)) · (2 + sin(ωπy)) , (2.41)
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(a) mallado simple
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Figure 2.9: a) Lorentzian function σ =
(

1
x2+Lc

)
·
(

1
y2+Lc

)
, b) FEM approx-

imation.

where ω is the parameter to be used in order to modify the behaviour of the
mathematical expression.

Then, the exact function is used to compare the result obtained by FEM.
This function is the electric potential u, and it is represented as:

u|Γ =

(
tan(xy)

2
+ 1

)−1

. (2.42)

Such approximation is compared to con�rm the solution to the forward
problem of (1.1). For this comparison, the equations (2.41) and (2.42) are
used to approach the forward problem, and the result is illustrated in the
�gure 2.10.

2.6.3 Geometrical conductivity functions

The analysis of FEM can not be completed without the analysis of geomet-
rical conductivity functions σ. These geometrical conductivity functions are
representative and are employed to determine the behaviour of FEM when
non-smooth shapes within its domain are used.

The geometric shapes used here are:

• Circle at center.

• Five disk structure.
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(a) Simple mesh
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(b) Complex mesh

Figure 2.10: a) Sinusoidal function (2 + cos(ωπx)) · (2 + sin(ωπy)), b) FEM
approximation.

• Triangles.

To perform this analysis, the mathematical tool known as EIDORS is
used, con�rming the possibility to use FEM to approximate the inverse prob-
lem, in which the conductivity σ function is unknown and the electric poten-
tial u is given at the boundary.

In this case, the mesh will be computed for 16 electrodes equidistantly
set at the boundary of the domain. Figure 2.11 illustrates the mesh to be
employed by the FEM, including the electrodes used that will be utilized in
the following subsections.
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Figure 2.11: FEM domain with 16 electrodes mesh.
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2.6.3.1 Circle at center conductivity function

For this case, in which a geometric case is employed within a unit disk domain,
the conductivity function σ is represented by a small disk at the center of
the domain, for this conductivity its value is �xed at σ = 40. The �gure 2.12
illustrates the description given.
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Figure 2.12: Circle at center within a unit disk domain.

In this case, several approximations were calculated by the lack of a reg-
ularization process. Despite the absence of a regularization process, the ap-
proximation of the inverse problem of equation (1.1) has been achieved by
FEM.
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(a) Original conductivity

function.
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(b) Approximation done.

Figure 2.13: FEM approximation.

The �gure 2.13 illustrates the approximation obtained, even when the
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approximation is acceptable, it is far to be the optimal approximation that
the method can reach.

2.6.3.2 Five-disk structure conductivity function

The proposal conductivity function σ is a structure composed of �ve-disk
at the center of the domain, in which all the disks inside posses di�erent
conductivity values. The smallest circle possesses a conductivity function
σ1 = 100, the second disk has σ2 = 50, the third one has σ3 = 30, the fourth
possesses σ4 = 20 and the last one σ5 = 10. The �gure 2.14 illustrates the
distribution for this conductivity function.
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Figure 2.14: Five-disk structure conductivity function within a unit disk
domain.

The comparison is performed in order to analyse the behaviour of FEM,
when a di�erent conductivity function is presented. The �gure 2.15 shows
this comparison.

This sample was performed to con�rm the possibility to approximate the
solution by means of FEM, even though the distributions inside the unit disk
domain are non-smooth.

In the �gure 2.15, the approximation could be considered acceptable.
Nevertheless, the approximation was made without a regularization process.
The complexity of this conductivity structure demonstrates the necessity of
the use of a regularization process.
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(a) Original conductivity

fucntion.
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(b) Finite-Element Method

Figure 2.15: Comparison using FEM.

2.6.3.3 Triangles conductivity function

FEM stand with di�culty to make an approximation when the conductivity
σ inside the domain possesses edges. This di�culty is due to the mesh gener-
ation procedure. For this special case, it will be important to determine the
behaviour and the possibility to obtain an approximation. The comparison
for this conductivity structure is illustrated in the �gure 2.16.
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Figure 2.16: Triangle shape conductivity function within a unit disk domain.

Based upon the result presented in �gure 2.16, it is necessary to use a
regularization process to better approach solutions for the inverse problem.
Furthermore, FEM has the possibility to work with the inverse problem re-
gardless the conductivity σ function inside the domain. The approximation
is exposed in the �gure 2.17.
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(a) Original conductivity.

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

(b) Finite-Element Method.

Figure 2.17: FEM approximation.

The approximation shown in the �gure 2.17 is not acceptable, where
the main obstacle is the mesh generation procedure and the absence of a
regularization process. This regularization process shall help to improve the
results of the approximation for non-smooth shapes.

2.6.4 Discussion

The employment of the Ampere's law in di�erential form is actually the very
foundation of the Electrical Impedance Tomography, since when considering
the static case (this is no displacement electrical currents are taken into
account), it rises up the so-called electrical impedance equation for which
we analysed within these paragraphs two kinds of Dirichlet boundary value
problems: the forward problem and the inverse problem.

About the forward problem for the electrical impedance equation the
conductivity function is known, as well the boundary condition. This is the
electric potential or voltage is known long around the boundary of a certain
domain, and the task consists into the approaching of a solution ful�lling
such boundary condition. In the second case, only the boundary condition
(voltage) is known, and given the correct statement of the problem provided
by A. P. Calderon, one and only one conductivity function corresponds to
such boundary condition. Thus, the inverse problem relies in the approxima-
tion of such conductivity function. This is a brief description of the electrical
impedance equation.

Since, the forward problem is to be deeply analysed in further chapters,
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the classical variations of the Finite-Element Method, to approach solutions
for the inverse problem, �nd their place into our dissertation as a critical
reviewed of the State-of-the-art. Therefore, we state the discussion on cer-
tain the variations of the sparse matrix method, that posses among their
advantages the possibility introducing regularization methods. Illustrating
these paragraphs a general background of experimental results, exploiting
such properties, come along with the general theoretical description.

Immediately, we brie�y study the trust region sub-problem method which
provides a fast convergence for the inverse problem by reposing the question
as a minimization problem bias the employment of Jacobian matrices.

Only then, we completely enter the formal study of the Finite-Element
Method employed for solving partial di�erential equations in the plane. Of
course, we pay full attention to the electrical impedance equation, there-
fore, the location of electrodes along the boundary is brie�y studied and
from this point we consider the question of how to trace the related mesh.
The basis stated we go straight forward to reviewed two di�erent variations
of the Finite-Element Method to solve the inverse problem. The �rst one
is the Gauss-Newton model, and it is shown that it represents one of the
simplest and lowest computational costed methods, with the corresponding
consequence of a low convergence.

The second variation is the Backprojection model whose main strength
is the simple correlation among the electrodes distributed on the perimeter
of the domain.

Independently of the Finite-Element Method selection it is highly advised
the employment of a regularization method. Many of these techniques are
available in the literature, but speci�cally in this work, the Tikhonov's regu-
larization method was selected because methodologically is very often recom-
mended, yet, several previous work could not exploit it in full scale because
of the high computational accuracy that the method requires. Nonetheless,
the experimental results will demonstrated that such limitation was indeed
overpassed allowing a considerable better development of this regularization
method.

More precisely, the simulations that extend stilled the previous state-
ments are methodological founded in the programming and execution of the
Finite-Element Method for two di�erent kinds of conductivity distributions:
those that posses an exact mathematical representation and those de�ned
by geometrical �gures contained within the domain. On behalf of briefness
only the Gauss-Newton variation is reported, and about it was shown that
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the convergence was considerably better for the analytical cases, as it was
somehow expected since for such cases no discontinuities are present.

The most important method is FEM that demonstrates its capability to
approximate the solution of (1.1). This method can perform a faster and accu-
rate approximation to the forward and inverse problems, but it depends upon
the mesh generation procedure. Nevertheless, the mesh generation represents
a problem in terms of the time-computing and the computational-resources
used.

Meanwhile, a robust mesh possesses great resolution, this calculus is very
di�cult to perform and in some cases impossible to achieve. However, the
employment of a simple mesh represents a non-accurate approximation, but
it can be computed very fast. In some cases, the size of the mesh is not
enough to calculate a precise solution. In those cases, the conductivity σ
function needs to be studied in order to understand its behaviour and its
complexity to determine if the method could achieve a positive solution.

FEMmethod can achieve approximations for the analytical and geometric
conductivity σ functions. Nevertheless, a correct approximation is depended
on the inclusion of a regularization process. In addition, the lack of this regu-
larization procedure does not represent a problem when simple conductivity
functions are approximated. Furthermore, when non-smooth conductivity σ
functions are employed, the regularization process determines the possibility
to reach a solution. Moreover, if smooth conductivity σ functions are utilized,
the regularization process can perform a more accurate approximation.

2.6.5 Conclusions

The goal of this state-of-the-art chapter is to analyse, study and illustrate
the most important techniques used in EIT problem. In this particular case,
EIT problem can be calculated depending on the initial conditions. This
problem is divided into two sub-problems, in which the more easy to solve is
the forward problem, the second one is very complicate to approximate.

In this brief analysis, FEM approximates both problems, emphasizing
its results into the forward problem, performing with an optimal accuracy.
FEM method gives this opportunity to resolve both problems with minimal
changes in its structure.

For this reason, FEM is considered in this study as a principal in com-
parison with proposed novel methods, but it requires an exhaustive analysis
to determine if the function to be used can be solved with this method. For
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example, the usage of geometrical �gures that posses corners or non-smooth
shapes represents a hard task for FEM.

Furthermore, the possibility to employ a regularization method that helps
to improve the approximation makes it a powerful tool to solve the eqn. (1.1).
Nevertheless, the method is considered unstable because the mesh computa-
tions changes the approximation.

The maximum resolution does the method can achieve is determined by
the size of the mesh. Concerning the computational resources needed to per-
form an approximation, the mesh size is taken into consideration. For this
reason, EIT is not considered as standard Medical Imaging technique.
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Chapter 3

Forward Dirichlet boundary value

problem

In this chapter, the forward problem of EIT is analysed in order to develop a
novel technique that can approach the solution of the problem of the equation
(1.1). In this case, following to [56], the Pseudoanalytic Function Theory is
applied to design an algorithm based upon the Taylor's series in formal power
(see e.g. [72]). The designed algorithm is used to approximate the solution
to cited problem. Furthermore, Finite-Element Method (FEM) is utilized to
compare the results of both algorithms.

According to [98], most of the algorithms that approximate the solution to
the inverse problem are based on iterative methods, which examine solutions
to the forward problem and introduce certain variations in the conductivity
σ, attempting to minimize the di�erence between the approximated solution
uapp and the boundary condition uc|Γ. It is convenient to emphasize that the
majority of these methods are based on variations of FEM (see e.g. [98] and
[97]).

Furthermore, the usage of techniques upcoming from completely di�er-
ent branches of the applied mathematics (see e.g. [58] and [85]), could well
show o� new information about the behaviour of the solutions for the for-
ward problem for equation (1.1) in the plane, which eventually could allow
to propose new techniques for analysing the inverse problem. Moreover, its
common classi�cation of ill-posed problem could be reconsidered (see e.g.
[43]).

Additionally, the discovering of the relationship between two-dimensional
case of (1.1) and the Vekua equation (see e.g. [95]), possesses a special rel-

39
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evance, since it opens a new path for analysing the solutions of (1.1) in the
plane by using the so-called Taylor's series in formal powers (see e.g. [13]).

As a matter of fact, the Vekua equation has been deeply studied in a
variety of interesting works published along the last �ve decades, before the
relationship has been �rst noticed. Indeed, two of the most important works
published concerning the Vekua equation were [13] and [95].

It is not clear how to adapt the elements of the Pseudoanalytic Function
Theory to experimental physical requirements [54], so this chapter is ded-
icated to this study and shall give a possible contribution for the Electric
Impedance Tomography problem by providing the elements to employ this
theory and its adaptation in various cases that can easily be identi�ed with
physical experimental models.

3.1 Taylor's series in formal powers method

Following to [54], the elements of the Pseudoanalytic Function Theory
have permitted to establish a relation between the bi-dimensional electri-
cal impedance equation (1.1) and a special class of the Vekua equation (see
e.g. [95]).

Thanks to this, the general solution can be rewritten as follows:

div (σgradu) = 0, (1.1)

where σ is the conductivity function, u represents the electric potential in
terms of the so-called Taylor's series in formal powers (see e.g. [13]). This
relation was noticed independently �rst in [56] and [2]. Furthermore, in a
wide variety of works dedicated to the mathematical and numerical analysis
contributed to this �eld (see e.g. [56], [74] and [71]).

This new approximation is very important in order to obtain a solution to
the forward problem of (1.1), which is extremely useful to understand better
the inverse problem. The inverse problem can also be known in the literature
as EIT problem (see e.g. [98]).

This section is dedicated to the numerical analysis in the forward problem
of equation (1.1), using the simpli�ed and improved method presented for �rst
time in [86] and based on the conjecture proposed (see e.g. [76] and [75]).

In this chapter, a wide variety of analytic and geometric cases is studied
to represent a di�erent type of conductivity functions that could be used to
represent the behaviour of the method. Indeed, every illustrated sample is



3.1. TAYLOR'S SERIES IN FORMAL POWERS METHOD. 41

based on the total parameters used to emphasize a possible characterization
of the developed method presented in published papers (see e.g. [80] and
[86]).

The results will be shown further, and it could be classi�ed as:

1. Samples that correspond to exact analytic expressions and geometric
shape distributions, both inside a unit disk domain in the plane.

2. Functions that do not require a regularization process to be approxi-
mated.

The importance of this case is to show that the improved method could
approach solutions for (1.1). In this sense, the main contribution of this
chapter is: the possibility to use this method to obtain a solution for the
forward problem, regardless the shape of the domain and the conductivity
presented inside. The boundary Γ of the domain Ω and the conductivity σ
could be a smooth or non-smooth shape, and the method should approximate
the solution well (see e.g. [84]).

Nevertheless, a disadvantage of this method is the limit number of ap-
proximated solutions. This situation is due to the technique employed to
obtain the coe�cients. Considering the technique, the boundary condition
is approached by using a �xed number of base functions. In this chapter, a
characterization takes place to prove the e�ciency of the proposed method.

3.1.1 Preliminaries

In this section, the mathematical preliminaries will be exposed in order to
focus this work in the Pseudoanalytic Funtion Theory (see e.g. [13]).

Thence, following this theory, it considers a pair of function complex-
valued (F,G) which ful�ls the condition:

Im
(
FG
)
> 0, (3.1)

where F denotes the complex conjugate of F : F = ReF−iImF , and i2 = −1
is the standard imaginary unit.

Thus, any complex-valued function W can be expressed by the linear
combination of F and G, such as:

W = φF + ψG,
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where φ and ψ are real-valued functions. So, any two complex functions that
ful�l(3.1) should be called (F,G)-generating pair . Professor L. Bers also in-
troduced the (F,G)-derivative of the functionW according to the expression:

∂(F,G)W = (∂zφ)F + (∂zψ)G, (3.2)

this derivative exists if and only if

(∂zφ)F + (∂zψ)G = 0, (3.3)

where
∂z = ∂x − i∂y, ∂z = ∂x + i∂y.

We can notice that these operators are classically introduced with the
factor 1

2
but it is more convenient to work without it at least for this work.

Then, introducing the following functions:

A(F,G) = F∂zG−G∂zF
FG−GF , a(F,G) = −F∂zG−G∂zF

FG−GF
B(F,G) = F∂zG−G∂zF

FG−GF , b(F,G) = −G∂zF−F∂zG
FG−GF ;

(3.4)

the expression (F,G)-derivative shown in (3.2) turns into

∂(F,G)W = ∂zW − A(F,G)W −B(F,G)W, (3.5)

and the condition (3.3) will be rewritten as:

∂zW − a(F,G)W − b(F,G)W = 0. (3.6)

The mathematical expression exposed in (3.4) are called characteristics
coe�cients of the generating pair (F,G), whereas the functions W that are
solutions of the equation (3.6) are called (F,G)-pseudoanalytic functions. As
a matter of fact, the equation (3.6) are also known as the Vekua equation
(see e.g. [95]), and it is the basis of this work.

Furthermore, the following statements were exposed for �rst time in [13],
and they are adapted for the purposes of the current work (see e.g. [56]).

Theorem 1. The elements of the generating pair (F,G) are (F,G)-
pseudoanalytic:

∂(F,G)F = ∂(F,G)G = 0.
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Remark 1. Let p be a non-vanishing function within a bounded domain
Ω(R2). The function

F0 = p, G0 =
i

p
, (3.7)

establish a generating pair, whose characteristic coe�cients (3.4) are:

A(F0,G0) = a(F0,G0) = 0,

B(F0,G0) = ∂zp
p
,

b(F0,G0) = ∂zp
p
.

(3.8)

De�nition 1. Let (F0, G0) and (F1, G1) be two generating pair of the form
(3.6) and let their characteristics coe�cient ful�ls the following relation

B(F1,G1) = −b(F0,G0). (3.9)

Thus, the pair (F1, G1) are called the successor of the pair (F0, G0). Mean-
while (F0, G0) are called the predecessor of (F1, G1).

De�nition 2. Considering:

{(Fm, Gm)} , m = 0,±1,±2, ...

as a set of generating pair, where each (Fm+1, Gm+1) is a successor of
(Fm, Gm).

Therefore, the {(Fm, Gm)} set is going to be known as a generating se-
quence. Moreover, if it exists a number c such that (Fm, Gm) = (Fm+c, Gm+c)
the generating sequence will be periodic, with period c.

Lastly, if (F,G) = (F0, G0), it will say that the generating pair (F,G) is
embedded into the generating sequence {(Fm, Gm)}.

Theorem 2. Let (F0, G0) be a generating pair of the form (3.7), and let p
be a separable-variable function:

p = p1(x) · p2(y),

where x, y ∈ R. Then, (F0, G0) will be embedded into a generating sequence
with c = 2 period, such that:

Fm =
p2(y)

p1(x)
, Gm = i

p1(x)

p2(y)
;
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when the subindex m is an even number, and

Fm = p1(x) · p2(y), Gm =
i

p1(x) · p2(y)
;

when m is an odd number.

Furthermore, if p1(x) ≡ 1, x ∈ Ω (R2), it is easy to verify that the gener-
ating sequence in which (F,G) is embedded will be periodic, but with periodic
c = 1.

The concept of the (F,G)-integral was also introduced by L. Bers such
as a complex-valued function. In order to know more about this concept,
you should go over the specialized literature (see e.g. [13] and [56]), in which
the concept and the existence of this integral are described. In the following
paragraphs, each complex-valued function contained into an (F0, G0)-integral
will be by de�nition integrable.

De�nition 3. Let (Fm, Gm) be a generating pair of the form (3.7). Its adjoin
generating pair (F ∗m, G

∗
m) is de�ned according to the formulas:

F ∗m = −iFm, G∗m = −iGm.

De�nition 4. The (Fm, Gm)-integral of a complex-valued function W (when
it exists (see e.g. [13])) is de�ned as:

∫
τ
Wd(Fm,Gm)z =

= FmRe
∫
τ
G∗mWdz +GmRe

∫
τ
F ∗mWdz,

where τ is a recti�able curve within the domain in the complex plane.

Precisely, if it is considered the (Fm, Gm)-integral of the (Fm, Gm)-
derivative of W , the equation obtained is:

∫ z
z0
∂(Fm,Gm)W (z)d(Fm,Gm)z =

= −φ(z0)Fm(z)− ψ(z0)Gm(z) +W (z).
(3.10)

where z = x+ iy, and z0 is a �xed point in the complex plane.

According to the theorem 1, the (Fm, Gm)-derivative of Fm and Gm vanish
identically, thus the expression (3.10) can be considered as the ∂(Fm,Gm)W .
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3.1.2 Formal powers

De�nition 5. The formal power Z
(0)
m (a0, z0; z) belonging to the generating

pair (Fm, Gm), with the formal degree 0, complex constant coe�cient a0, cen-
ter at z0, and depending upon z = x + iy, is de�ned according the following
expression:

Z(0)
m (a0, z0; z) = λFm(z) + µGm(z), (3.11)

where λ and µ are complex-valued constants ful�lling the condition:

λFm(z0) + µGm(z0) = a0.

The formal powers with higher n degrees are approached by the recursive
formulas shown subsequently:

Z
(n)
m (an, z0; z) =

= n
∫ z
z0
Z

(n−1)
(m−1) (an, z0; z) d(Fm,Gm)z,

where n = 1, 2, 3, ...
Notice the integral operators in the right-hand side of the last equation

are (Fm, Gm)-antiderivatives.

Theorem 3. The formal powers posses the coming properties:

1. Every Z
(n)
m (an, z0; z), n = 0, 1, 2, 3, ... is a (Fm, Gm)-pseudoanalytic

function.

2. Let an = a′n + ia′′n, where a
′
n, a

′′
n ∈ R. The following relation holds that:

Z
(n)
m (an, z0; z) =

= a′nZ
(n)
m (1, z0; z) + a′′nZ

(n)
m (i, z0; z) .

3. Finally,
lim
z→z0

Z(n)
m (an, z0; z) = an(z − z0)n.

Theorem 4. Let W be an (Fm, Gm)-pseudoanalytic function. Then it can be
expressed in terms of the so-called Taylor's series in formal powers, such as:

W =
∞∑

n=0

Z(n)
m (an, z0; z) . (3.12)

Furthermore, since any (Fm, Gm)-pseudoanalytic function W accepts this
expansion, (3.12) is an analytical representation of the general solution for
the Vekua equation (3.8).
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3.1.3 Bi-dimensional electrical impedance equation

Considering the electrical impedance equation (1.1) in the plane:

div (σ grad u) = 0. (1.1)

As it has been shown in several works (see e.g. [56] and [73]), if σ can be
expressed by means of separable-variables function:

σ(x, y) = σ1(x)σ2(y), (3.13)

by introducing the notations:

W =
√
σ (∂xu− i∂yu) ,

p =
(
σ−1

1 · σ2

) 1
2 ;

(3.14)

the equation (1.1) turns into the Vekua equation:

∂zW −
∂zp

p
W = 0, (3.15)

for which the functions:

F0 = p, G0 =
i

p
, (3.16)

conform a generaiting pair.
From (3.14), and according to theorem 2, it is possible to verify that this

pair is embedded into a generating sequence, with period c = 2, being p a
separable-variable function.

3.2 Numerical approximation of the formal
powers

In [80], it was studied an improved numerical method for approximating the
elements in the �nite subset of formal powers:

{
Z

(n)
0 (1, 0; z), Z

(n)
1 (i, 0; z)

}N
n=0

, (3.17)

whose linear combination will allows to approximate any pseudoanalytic func-
tionW , solution of (3.15). Moreover, in [25], it was proven that the real parts
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of the elements of (3.17), valued at the boundary Γ of the domain Ω, consti-
tute a complete set to approach solutions for the forward problem of (1.1) in
the plane.

Since the results of the integral expressions (3.10) are path independent
(see e.g. [13]), the numerical calculations can be performed on a set of radial
trajectories, whose origin coincides with the zero in the plane. Then, the
following procedure is employed in each Radius R within the domain Ω,
going from the coordinates origin until the boundary Γ.

Considering τ as a radius R within, the unit disk domain with center
at z0 = 0. For the interpolation process, it is used P + 1 equidistant points
distributed on R, being the �rst r[0] = 0 and the last one r[P ] = 1:

{
r[p] =

p

P

}P
p=0

. (3.18)

It can immediately construct a set of coordinates according to the formu-
las:

x[p] = r[p] cos θq, (3.19)

y[p] = r[p] sin θq;

where θq is the angle which corresponds to R.
Following (3.7), the coordinates (3.19) can be employed to obtain the set

of values:
{F0(z[p]), G0(z[p])}, {F1(z[p]), G1(z[p])}; (3.20)

where the complex-valued numbers z[p] have the form:

z[p] = x[p] + iy[p].

The set of values of the adjoin pairs

{F ∗0 (z[p]), G∗0(z[p])}, {F ∗1 (z[p]), G∗1(z[p])}, (3.21)

will have the form shown in the De�nition 3.
Using the expression (5), it follows that:

Z
(0)
0 (1, 0; z[p]) = F0(z[p]),

Z
(0)
1 (1, 0; z[p]) = F1(z[p]).

Hereafter, each formal power with n > 0 will be always approximated
considering P + 1 equidistant points within the closed interval [0, 1]. Taking
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into account that not any methodological di�erence takes place when ap-
proximating the formal powers with the coe�cients an = i, it will focus in
the explanation for the cases when an = 1.

A numeric property was �rst noticed in [76], for approximating the formal
powers, can signi�cantly reduce the computer resources invested in the com-
plete procedure, at the time it allows to employ a posed numerical method
for analysing non-separable conductivity functions.

The statements presented before and proved in [76], together with repre-
sentative samples are shown before.

Conjecture 1. Let σ be an arbitrary conductivity function de�ned within a
bounded domain Ω (R2). Then, it can be approximated by means of a piece-
wise separable-variables function, as it is shown below:

σpw =





x+g
χ1−χ0+g

· f1(y) : x ∈ [χ0, χ1) ;
x+g

χ2−χ1+g
· f2(y) : x ∈ [χ1, χ2) ;

...
x+g

χK−χK−1+g
· fK(y) : x ∈ [χK−1, χK ] ;

where g is a real constant that x + g 6= 0 : x ∈ Ω (R2); and {fk}Kk=1 are
interpolating functions constructed with a �nite number of samplesM of the
σ function. It is valued along an y-axis parallel lines within the subdomain of
Ω, created when tracing the set of y-axis parallel lines {χk}Kk=0.

This piece-wise separable-variable conductivity function can be employed
for numerically approximating the set of formal powers (3.21).

Remark 2. Following to [76], let σ be an arbitrary conductivity function
de�ned within a bounded domain Ω (R2). It can be considered as the limit
case of a piece-wise separable-variables conductivity function, in which its
form is presented as in the Conjecture 1, when the number of the subdomains
K and the number of samplesM at every sub-domain tend to in�nity:

lim
K,M→∞

σpw = σ.

Furthermore, since:

lim
K,M→∞

x+ g

χk − χk−1 + g
= 1, k = 0, 1, ..., K;
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according to the Theorem 2, the corresponding generating sequence will be
periodic and its period is c = 1.

This immediately implies that:

F0(z[p]) = F1(z[p]) = F (z[p]),

it simpli�es the reconstruction of the sets (3.20) and (3.21).

Using this property, the numerical formal powers Z(n)
0 (z[p]) at the points

z[p] = x[p] + iy[p], located along the radius R, can be approximated using a
variation of the trapezoidal integration method over the complex plane:

Z(n)(z[p]) = δF (z[p])·
·Re

p−1∑
s=0

(
Z(n−1)(z[s+ 1]) ·G∗ (z[s+ 1])

)
dz[s]+

+δF (z[p])Re
p∑
s=0

(
Z

(n−1)
1 (z[s]) ·G∗ (z[s])

)
dz[s]+

+δG(z[p])·
·Re

p−1∑
s=0

(
Z

(n−1)
1 (z[s+ 1]) · F ∗ (z[s+ 1])

)
dz[s]+

+δG(z[p])Re
p∑
s=0

(
Z

(n−1)
1 (z[s]) · F ∗ (z[s])

)
dz[s];

(3.22)

where
dz[s] = (z[s+ 1]− z[s]) ,

and δ is a real constant factor, empirically selected, that contributes to the
numerical stability of the method.

It should remark that the usage of this expression (3.22), for approaching
the formal powers, such as it was appointed in [76], implicitly performs a
piece-wise polynomial interpolating function of degree 1, to relate every value
Z(n)(z[p]), for p = 0, 1, ..., P ; and n = 0, 1, ..., N ; taking into consideration
the third property of the Theorem 3 that implies ∀n > 0:

Z
(n)
0 (1, 0; z[0]) ≡ 0.

Thus, performing the full process for a wide enough quantity of Q of radii
R, each one corresponding to some angle θq:

{
θq = q · 2π

Q

}Q−1

q=0

, (3.23)
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due to this, it will be able to approximate the �nite set

{
ReZ(n) (1, 0; z) , ReZ(n) (i, 0; z)

}N
n=0

, (3.24)

that once is valued for the boundary Γ of the domain Ω (R2), it will provide
a set of 2N + 1 base functions for approximating solutions of the forward
problem of (1.1), when a boundary condition uc|Γ is imposed.

Indeed, the set (3.24) can be orthonormalized, conforming a new base:

{υ(n)
0 (l)}2N

n=0, l ∈ Γ, (3.25)

that can be interpolated by standard methods in order to obtain continuous
functions at Γ.

Summarizing, if the number of radii R, points per radius P , and the base
functions 2N + 1, are adequate (as it will be explained further), a boundary
condition uc|Γ can be approximated by the linear combination:

uc|Γ ∼
2N+1∑

k=0

βkυk,

where the real constant coe�cients βk are approximated by the standard
inner product

βk = 〈υk, uc|Γ〉 =

∫

Γ

υk(l) · uc|Γ(l)dl. (3.26)

This section is synthesized well by means of the algorithm used to approx-
imate the Taylor's series in formal power method (NPSM), that it is shown
in the algorithm 1.

3.3 Comparison with the Finite-Element
Method

Following to [10], FEM is used to compute a solution to the forward problem
of equation (1.1). Nonetheless, in [17] NPSM is exposed. Meanwhile, in [89],
a comparison between both methods are presented.

In this section, the elements used to compare FEM with NPSM are shown.
For this comparison, a smooth domain should be used for example the unit
disk domain, in which both methods could perform a good approximation.
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Algorithm 1: Sequential algorithm for solving the forward problem of
the 2D impedance equation. (see e.g. [19])

1 S; (Number of radii)
2 N ; (Maximum number of formal powers)
3 K + 1; (Number of points per radius)
4 while s = 1→ S
5 while n = 1→ N
6 while q = 0→ K
7 Function Coordinates_Operations
8 Function Conductivity_Calculations
9 Function Generating_Pairs
10 Function Orthonormalization
11 Classsical Gram-Schmidt Orthonormalization Process
12 Function Approached_Boundary_Condition
13

∑N
n=0

(
αnu

(n) (1, 0; z) + βnu
(n) (1, 0; z)

)

14 Function Lebesgue_Measure

15 E =
(∫

Γ
(uc|Γ − uapp)2 dl

) 1
2

In order to make this comparison, a metric in form of the Lebesgue measure
is used to perform this analysis (see e.g. [77]):

E =

(∫

Γ

(uc|Γ − uapp)2 dl

) 1
2

, (3.27)

where uc is the imposed electric potential, and uapp is the approximated
electric potential (see e.g. [80]).

The electric potential uapp used in the last equation (3.27), will be di�erent
depending on the method that is utilized to perform the approximation.
Meanwhile, the uc is the electric potential imposed as a result of the analytical
solution of equation (1.1) (see e.g. [77]).

A characterization using the NPSM and a comparison with FEM is pre-
sented in the following paragraphs. The main idea is to expose a new tech-
nique that could be employed to approximate the solution for the forward
problem of equation (1.1).

3.4 Simulation results

The simulations presented in this section are, �rstly, obtained by NPSM,
and then a comparison by using FEM will take place. The domain used will
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be the unit disk for both methods. Meanwhile, the conductivity function is
changed depending upon the sample to be used.

For both methods, the exact mathematical expression is used as it is
employed in several works (see e.g. [80], [77] and [17]). The analytic cases
employed were: the Lorentzian, exponential, sinusoidal and polynomial. Al-
though, the geometric cases performed were: the circle at center, circle out
of center, �ve disk structure and a square at the center.

3.4.1 Smooth domain

According to [80], the number of formal powers N are �xed, the number of
radii S and the number of points per radius K do not introduce any kind
of signi�cant error E , at least for the equation employed in (3.27). For this
reason, the number of values are �xed at S = K = 200.

Then, once the criteria are given to the algorithm 1 exposed before, it
is used to compute the solution for all the conductivity cases. For this brief
characterization, all the conductivity functions are studied at the unit disk
domain, and the conductivity σ functions used are: exponential, sinusoidal,
polynomial and Lorentzian, for the analytic case. Meanwhile, for the geomet-
ric case, the circle at the center, circles out of center, �ve-disk structure and
square are used.

Finally, the exact solution uc|Γ is compared with the electric potential
uapp approximation obtained by NPSM method by means of use the Lebesgue
measure. The approached solution depends on the method that it is employed
to calculate the approximation to (1.1).

3.4.1.1 Exponential conductivity case

Considering a piece-wise exponential conductivity σ function with the fol-
lowing form:

σ = eαxy, (3.28)

where α represents a coe�cient used to change the behaviour of the function.
In this case, the boundary condition, which is exact solution for (1.1), to

be imposed:
u|Γ = e−αxy. (3.29)

Remembering that K represents the number of radii employed. In this
case, the approximation obtained by NPSM is illustrated in the table 3.1.
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Table 3.1: Exponential conductivity function approximation.

N S K α E
121 200 200 2 6.88× 10−15

81 200 200 2 7.31× 10−15

41 200 200 2 1.11× 10−6

121 200 200 6 3.41× 10−14

81 200 200 6 3.42× 10−14

41 200 200 6 1.17× 10−7

121 200 200 10 4.22× 10−14

81 200 200 10 4.30× 10−14

41 200 200 10 2.35× 10−6

Table 3.1 shows the maximum number of formal powers to be used to
grant a good convergence. As a matter of fact, when the number of formal
powers is increasing the convergence does it too. In addition, the stability of
the method does not show signi�cant variation.

3.4.1.2 Lorentzian conductivity case

For this case, the conductivity σ function to be used is:

σ =
(
(x+ dx)

2 + Lc
)−1 ·

(
(y + dy)

2 + Lc
)−1

, (3.30)

where dx and dy denotes a displacement over the plane in the x and y axes
and Lc denotes a real-value constant.

For this particular case, the imposed boundary condition that represent
the solution for (1.1) is:

u|Γ =
1

3
(x+ dx)

3 +
1

3
(y + dy)

3 + Lc(x+ dx + y + dy). (3.31)

Then, the table 3.2 shows the results when NPSM is used to approximate
the solution. This method is exposed in algorithm 1.

In this simulation, the �xed values Lc = {0.2, 0.4, 0.6, 0.8} and the dis-
placement dx = dy = 0 are the best initial conditions to approximate the
solution.
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Table 3.2: Lorentzian conductivity distribution approximation.

N S K Lc E
121 200 200 0.2 2.41× 10−13

81 200 200 0.2 2.17× 10−9

41 200 200 0.2 2.59× 10−5

121 200 200 0.4 1.52× 10−15

81 200 200 0.4 3.85× 10−12

41 200 200 0.4 1.25× 10−6

121 200 200 0.6 2.14× 10−15

81 200 200 0.6 4.34× 10−14

41 200 200 0.6 1.47× 10−7

121 200 200 0.8 2.19× 10−15

81 200 200 0.8 2.53× 10−15

41 200 200 0.8 2.75× 10−8

The table 3.2 shows that the convergence on the solution increases every
time the number of formal powers is increased. Although, when the Lc con-
stant is a very low valued, the error increases signi�cantly. The behaviour
of the Lorentzian case should be considered and studied to understand the
behaviour of NPSM. In this particular case, the stability of the method is
still constant, but an exhaustive studied should be performed to analyse the
behaviour of the NPSM.

3.4.1.3 Polynomial conductivity case

In this case, the polynomial conductivity sigma function is used. Its repre-
sentative equation is shown below:

σ = α + Cx+ Cy. (3.32)

The imposed boundary condition, that is the solution for (1.1), is the
following:

u|Γ = ln (α + Cx+ Cy) , (3.33)

where α and c are real-value constant, such that: α+Cx+Cy > 0, ∀x, y ∈ Ω.
The table 3.3 demonstrates the behaviour when a polynomial conductivity

function is used to approximate the solution to the forward problem of the
electrical impedance equation (1.1).
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Table 3.3: Polynomial conductivity distribution approximation.

N S K α C E
121 200 200 10 2 5.43× 10−15

81 200 200 10 2 5.43× 10−15

41 200 200 10 2 5.43× 10−15

121 200 200 10 4 4.23× 10−15

81 200 200 10 4 4.23× 10−15

41 200 200 10 4 5.24× 10−12

121 200 200 10 6 5.52× 10−15

81 200 200 10 6 5.97× 10−12

41 200 200 10 6 1.37× 10−6

The table 3.3 shows the same behaviour, when the number of formal
powers increases, the error decreases, performing a good convergence in the
method. This case is particularly important, because it helps to understand
better the forward problem. The bene�ts of using this conductivity function,
implies that NPSM could approach any polynomial conductivity function
with high accuracy. Nevertheless, the stability of the method is being irregu-
lar, because the computed error changes between the number of formal power
used. This behaviour should be studied in detail to perform a more stable
approximation.

3.4.1.4 Sinusoidal conductivity case

Using a sinusoidal conductivity σ function that is shown in the following
statement:

σ = (α + cosωπx) (α + sinωπy) , (3.34)

where α is a real-value constant, ω is the phase or constant of change uses
in the equation, and (x, y) are spatial coordinates.

The following statement represents the imposed solution:

u|Γ =

(
tanxy

2
+ 1

)−1

. (3.35)

It is necessary to remark that this function is not an exact solution of
(1.1). Indeed, this is a true solution for the case when σ = 1 + sinxy. This
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simulation becomes interesting when the exact solution of (1.1), and the
conductivity σ has the form of (3.34) and it is unknown.

This sample illustrates the e�ectiveness of the method when arbitrary
parameters are introduced into the analysis.

Table 3.4: Sinusoidal conductivity distribution approximation.

N S K α ω E
121 200 200 5 2 7.81× 10−12

41 200 200 5 2 8.53× 10−5

121 200 200 5 6 4.59× 10−5

41 200 200 5 6 2.76× 10−2

121 200 200 5 10 3.54× 10−3

41 200 200 5 10 1.94× 10−1

121 200 200 10 2 1.25× 10−14

41 200 200 10 2 9.23× 10−6

121 200 200 10 6 4.08× 10−6

41 200 200 10 6 1.19× 10−2

121 200 200 10 10 8.56× 10−4

41 200 200 10 10 9.70× 10−2

The table 3.4 shows that the increment on N approaches better the solu-
tion. Despite the results are worst when the α or ω parameters are increased.
In this sense, the table 3.4 o�ers the possibility to establish a limit case
simulation, in which the method is still valid.

Nevertheless, the stability of the method presents an irregular behaviour,
this analysis should be studied in detail to propose a possible technique that
can increase the convergence rate of the approximation.

3.4.1.5 First geometric case: Circle at center

Considering a geometric conductivity distribution σ within a unit disk do-
main Ω, as it can be observed in the �gure 3.1.

This conductivity σ distribution consists of two disks located at the center
of the domain. The small disk plotted in red possesses a conductivity σ1 =
100, meanwhile the rest of the conductivity σ2 = 10. For the little disk, the
radius is denoted by r.
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Figure 3.1: First geometric conductivity case: Two disks located at center
within the domain Ω.

Following to [80], the boundary condition to be imposed is quite di�cult
to obtain without physical measurements. Furthermore, calculating the im-
posed boundary condition for geometrical shape problems will depend upon
the shape within the domain. Despite this problem, one easy manner to ap-
proximate the solution to the forward problem will be imposing a boundary
condition that could be representative for the geometric shapes. The chosen
condition is the Lorentzian, because it represents better a smooth domain.

Then, the Lorentzian boundary condition to be imposed is the following:

u|Γ =
1

3
(x+ dx)

3 +
1

3
(y + dy)

3 + Lc(x+ dx + y + dy). (3.31)

The table 3.5 shows the numerical approximation for the forward problem
to (1.1). As it was mentioned before, the Lebesgue measure is employed to
compute the error.

The table 3.5 proves that the convergence of the method increases when
the number of formal powers increment. This behaviour is well-known, and
it is the same like in the previous samples. An identical behaviour on the
converge still preserves when the radius r magnitude increases. Nevertheless,
when the radius r ∼ R reaches the boundary, the error increases consider-
ably. In addition, the stability of the method does not present a signi�cant
variation. Demonstrating the importance of the initial conditions introduced
in the algorithm.
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Table 3.5: First geometric conductivity distribution approximation. RD is
the value imposed for the red disk and BD is the value for the blue one.

N S K r RD BD E
121 200 200 0.2 10 100 5.32× 10−15

41 200 200 0.2 10 100 7.19× 10−15

121 200 200 0.4 10 100 6.06× 10−15

41 200 200 0.4 10 100 8.13× 10−15

121 200 200 0.6 10 100 4.32× 10−15

41 200 200 0.6 10 100 5.21× 10−15

121 200 200 0.8 10 100 3.47× 10−15

41 200 200 0.8 10 100 4.43× 10−15

3.4.1.6 Second geometric case: Circle out of center

This case is similar to previous case, and in this special analysis the conduc-
tivity distribution σ shows a small disk displaced from the center of the do-
main Ω. The displacement presented in the small disk corresponds to x = 0.25
and y = 0. This geometric conductivity case distribution is illustrated on the
�gure 3.2.
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Figure 3.2: Second geometric case: Circle out of the center.

As it was mention before in the subsection 3.4.1.5, the imposed boundary
condition u|Γ used is the Lorentzian equation that is represented in (3.31). For
this special case, Lc = 0.5 can change the behaviour of the approximation.
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Thus, for the imposed boundary condition u|Γ the following statement is
used:

u|Γ =
1

3
(x+ 0.25)3 +

1

3
y3 + 0.5(x+ 0.25 + y),

The table 3.6 expresses the results for this conductivity σ distribution.
As in the previous case, the small red disk possesses a conductivity σ1 =

100, but it has a displacement in the x-axis of 0.25, meanwhile, the biggest
disk represented by a conductivity σ2 = 10. This case is utilized because
inside the domain a small displacement on the tiny disk could be considered
as a geometric rotation of the entire domain.

Table 3.6: Second geometric case: Small disk out of the center domain.
Variation of the �rst geometric case.

N S K r RD BD E
121 200 200 0.2 10 100 3.81× 10−2

41 200 200 0.2 10 100 8.45× 10−2

121 200 200 0.4 10 100 4.61× 10−3

41 200 200 0.4 10 100 7.27× 10−3

121 200 200 0.6 10 100 3.27× 10−3

41 200 200 0.6 10 100 4.46× 10−3

121 200 200 0.8 10 100 9.87× 10−2

41 200 200 0.8 10 100 2.06× 10−1

The table 3.6 proves the same behaviour, meanwhile the formal powers
increments its value, the error decreases. Moreover, it is not necessary to
make another displacement inside the domain, because the results will be
the same, due to the geometric rotation presented in this case.

Nevertheless, the convergence shown in the table 3.6 is not the best,
and signi�cant variation is presented in this case. In comparison with the
previous case, this sample requires an extra procedure that can stabilize the
approximation in order to improve the convergence. This technique could
help this special conductivity distribution to obtain more accurate solution.

3.4.1.7 Third geometric case: �ve-disk structure.

In this case, a �ve-disk structure σ conductivity distribution located at the
center within a unit disk domain Ω is considered. Then, the smallest disk
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consists of a conductivity σ1 = 100 and radius r1 = 0.2, the second disk
possesses a conductivity σ2 = 30 and radius r2 = 0.4, the third disk has a
conductivity σ3 = 20 and radius r3 = 0.6, the fourth disk is a conductivity
σ = 15 and radius r4 = 0.8. Finally, the last disk is represented by a conduc-
tivity σ = 10 and a radius r5 ∼ R = 1. This conductivity is shown in the
�gure 3.3.
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Figure 3.3: Third geometric case: Five disk structure.

As it was mentioned before, the imposed boundary condition u|Γ is the
Lorentzian function shown in equation (3.31). For this case, the Lorentzian
equation is not presented any modi�cation like in the previous case.

The table 3.7 shows the same behaviour, when the formal powers increase
the convergence do it too. Although, an interesting case could be a sample
that does not increment due to the decrement in the base functions generated
by the formal powers.

Table 3.7: Third geometric conductivity distribution: Five-disk structure
approximation.

N S K E
121 200 200 3.04× 10−15

101 200 200 3.02× 10−15

61 200 200 2.93× 10−15

21 200 200 2.81× 10−15
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The table 3.8 shows an interesting case performed, in which the number
of radii and points per radii increments considerably.

Table 3.8: Complementary case approximation. Five-disk structure

N S K E
61 1000 200 5.03× 10−15

61 600 200 5.49× 10−15

61 200 200 2.93× 10−15

41 1000 200 4.81× 10−15

41 600 200 5.30× 10−15

41 200 200 2.88× 10−15

21 1000 200 4.39× 10−15

21 600 200 4.93× 10−15

21 200 200 2.81× 10−15

The behaviour in both tables 3.7 and 3.8 is still the same. Furthermore,
this sample is exposed the possibility to increment the number of radii and
points per radii without any signi�cant change in the accuracy of the method.

In this case, the stability does not present any signi�cant variation such
as in other cases. The structure of the conductivity function is quite similar
to a Lorentzian distribution and for this reason, the approximation can be
performed very stable and accurate.

3.4.1.8 Fourth geometric case: non-smooth shape within

This case is representative and has been chosen because it cannot be ap-
proximated by using classical techniques such as the Gauss-Newton model
in FEM. For this case, it should require a special technique that helps the
proposed method approximates better the solution to (1.1).

In this case, the conductivity σ distribution is a square at the center
of the unit disk domain. For this special case, the square has an apothem
a = 0.65 and σ1 = 100 and σ2 = 10 for the rest of the domain. All the corners
belonging to the square have the same distance to the center of the domain.

This shape can be appreciated in �gure 3.4.
As a matter of fact, the method is modi�ed in order to get the approx-

imation using the corners in the square, and the imposed condition is the
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Figure 3.4: Square conductivity distribution.

same condition using for the geometric cases. It means that the Lorentzian
condition is imposed at the boundary.

u|Γ =
1

3
(x3 + y3) + 0.5(x+ y).

The results are exposed in the table 3.9, for this special case, in which
the conductivity distribution is a non-smooth shape, the convergence is very
low. The error E computed for this case is very high. This simulation was
performed in order to understand the behaviour of the Taylor's series in
formal power method.

Table 3.9: Square conductivity distribution.

N S K E
121 200 200 1.32× 10−2

101 200 200 1.63× 10−2

81 200 200 2.23× 10−2

61 200 200 3.02× 10−2

41 200 200 5.45× 10−2

21 200 200 1.16× 10−1

Comparing with the previous cases, the table 3.9 indicates that the num-
ber of formal powers to be used, does not represent an improvement. Instead
of it, the relevance is the fact that this method could be used to approximate
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non-smooth and di�cult conductivity distributions at least for a unit disk
domain.

In addition to this simulation, another experiment was performed to un-
derstand better the behaviour of the method. In this case, the number of
radii and points per radii were increased to get accuracy results. The table
3.10, which exposes the results of this simulation, presents the same condi-
tion, even when the number of radii and points per radii increment, do not
a�ect in the accuracy of the method.

Table 3.10: Complementary simulation for square conductivity distribution.

N S K E
121 500 500 2.90× 10−2

101 500 500 3.24× 10−2

81 500 500 3.84× 10−2

61 500 500 4.67× 10−2

41 500 500 6.79× 10−2

21 500 500 1.22× 10−1

Both tables 3.9 and 3.10 present an important advanced in this �eld, the
convergence is not the best, but it can achieve an approximation. For this
reason, a possibility to obtain a more stable method is required.

In addition, a possible method to be used it could be a regularization
process that is the classic technique and this novel proposal can obtain more
stable solutions. Further studies shall be performed in this direction to con-
�rm that the regularization procedure can help this method to achieve an
accurate and stable approximation.

3.4.2 Comparison with the Finite-Element Method

NPSM proves to be an accurate technique to approximate the solution for
(1.1), but this method presents an instability sometimes. Furthermore, it
seems that it could compete with FEM. For this reason, following to [89], the
comparison should be performed to demonstrate that NPSM could be used
to get solutions for (1.1).

In order to perform this comparison, it is necessary to refer the reader to
the previous chapter 2, speci�cally to the subsection 2.5 that exposed brie�y
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FEM (see e.g. [43] and [4]).
Regarding FEM, the employment of non-smooth conductivities makes the

task be quite di�cult to approximate. Despite this fact, in [98], it said that
FEM could also approach the solution to (1.1). Moreover, the comparison is
done by using analytical and smooth simulations that are within a unit disk
domain.

Then, In [80], the Lebesgue measure is used to test the simulation perform
by the proposed methods. This measure is presented as follows:

E =

(∫

Γ

(uc|Γ − uapp)2 dl

) 1
2

. (3.27)

where uc|Γ is the imposed boundary condition, and uapp is the approximated
electric potential.

So, the simulations represent the solution obtained by FEM and NPSM, in
which the initial conditions are �xed depending upon the applied technique.
The analysis is exposed in the following section.

3.4.2.1 Exponential conductivity function case

Let it to be an exponential conductivity distribution σ represented as follows:

σ = eα·x·y,
α = {2, 4, 6, 8} , (3.36)

where α is the coe�cient that is used to change the behaviour of the equation.
Particularly, the imposed boundary condition is expressed as follows:

uc|Γ = e−α·x·y,
α = {2, 4, 6, 8} . (3.37)

Hence, the table 3.11 shows the comparison by using the equation
(3.36)and (3.37). For this case the NPSM has its conditions �xed; Number
of formal powers N = 30, S = 100 and K = 1000.

In addition, the table 3.11 exposes the increment on the error due to the
increasing α parameter. This pattern has been analysed and known (see e.g.
[89] and [80]), but it has been used to characterize and proof the stability
and convergence of both methods.

The �gure 3.5 illustrates the approximation obtained by these methods,
when the coe�cient α = 8.
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Table 3.11: Exponential conductivity σ function approximation. A compar-
ison between the FEM and NPSM.

N S K α E-FEM E-NPSM
30 100 1000 2 0.0013 6.87× 10−15

30 100 1000 4 0.0113 2.12× 10−14

30 100 1000 6 0.0617 1.15× 10−11

30 100 1000 8 0.2752 1.24× 10−9

At last but not the least, both methods showed that the error in their
approximation is increasing. This error increases due to the coe�cient α
introduced in the equation. On the other hand, the approximation performed
by FEM is more stable than NPSM. Although NPSM is more accurate than
FEM, as it was plotted in the �gure 3.5. This simulation proves that NPSM
would require a regularization process to perform a more stable method.

3.4.2.2 Sinusoidal conductivity function case

Considering the sinusoidal conductivity σ distribution as follows:

σ = (a+ cos(ωπx)) · (a+ sin(ωπx)) ,
a = {2} ; ω = {2, 4, 6, 8, 10} , (3.38)

where a is a coe�cient that changes the behaviour of the expression (3.38), ω
represents the variation on the phase, this variation will change dramatically
the approximation that it will be plotted.

Then, for the last statement (3.38), the imposed boundary condition will
be the following:

uc|Γ =
(
tan
(
x·y
2

)
+ 1
)−1

α = {2} ; ω = {2, 4, 6, 8, 10} . (3.39)

Coming from the mathematical analysis of (1.1), the imposed condition
(3.39) is considered as the general solution for this particular case.

The table 3.12 shows a brief comparison between NPSM and FEM
method. Such as previous cases, the initial conditions for NPSM are �xed
and the ω coe�cient present variations, but the α coe�cient remains con-
stant.
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Figure 3.5: Comparison between NPSM and FEM methods. Comparison for
an exponential conductivity function within a unit disk domain.

Table 3.12 shows that FEM is the best method to get the solution for
(1.1), in this case it shows a better accuracy and stability than NPSM. It
is important to remark that NPSM could approach the solution, and the
optimal approximation is presented when α = 2 and ω = 2. Furthermore,
these simulations prove that the method could be improved to obtain a better
solution and convergence.

Then, in the �gure 3.6, one can appreciate that the behaviour changes
depending on the parameters used.

At last but not the least, the graphic illustrated in �gure 3.6, which is
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(a) Sinusoidal conductivity distribution.
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Figure 3.6: Sinusoidal conductivity distribution. Comparison between
NPSM and FEM methods.
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Table 3.12: Sinusoidal conductivity function: Comparison between NPSM
and FEM methods.

N S K α ω E-FEM E-NPSM
30 100 1000 2 2 0.0561 2.05× 10−4

30 100 1000 2 4 0.0549 0.07
30 100 1000 2 6 0.0537 0.06
30 100 1000 2 8 0.0522 0.10
30 100 1000 2 10 0.0515 0.25

based on the table 3.12, presents an interesting behaviour when the conditions
change. This approximation proves that it is required a regularization process
in the NPSM method.

This regularization process helps the method to approach a better the
solution for (1.1), presenting an improvement in the accuracy and stability.
Although, the approximation got by NPSM is not the best, this simulation
helps to begin an analysis to determine, which conditions are important for
the forward problem of (1.1).

In addition, the possibility to increase the number of formal powers should
help the method to obtain a better approximation, but the problem is still
the computer resources used to approximate the solution and the instability
do the method presented.

3.4.2.3 Lorentzian conductivity function case

The Lorentzian conductivity σ distribution is denoted as follows:

σ =
(

1
x2+Lc

)
·
(

1
y2+Lc

)
,

Lc = {0.2, 0.4, 0.6, 0.8} ,
(3.40)

where Lc represents the coe�cient used to modify the behaviour of the last
statement.

As in previous cases, the imposed boundary condition is:

uc|Γ = x3+y3

3
+ Lc (x+ y) ,

Lc = {0.2, 0.4, 0.6, 0.8} . (3.41)

The table 3.13 shows the comparison between FEM and NPSM methods,
in which the values are �xed for the last one.
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Table 3.13: Lorentzian conductivity distribution. A comparison between
NPSM and FEM method.

N S K Lc E-FEM E-NPSM
30 100 1000 0.2 2.2946× 10−4 1.51× 10−7

30 100 1000 0.4 2.3460× 10−4 1.24× 10−9

30 100 1000 0.6 2.3703× 10−4 4.17× 10−11

30 100 1000 0.8 2.3839× 10−4 2.87× 10−12

As in previous cases, the behaviour exposed in the �gure 3.13 is stable for
FEM. Meanwhile, NPSM exposes a better convergence. As a matter of fact,
when the conditions change, they introduce an instability in FEM. However,
this method can reach a good approximation.

Furthermore, the �gure 3.7 shows the behaviour and the comparison be-
tween both methods. The best approximation is obtained by NPSM, but it
is required more computational resources to perform the simulation and the
instability indicates that the method could need a regularization process.
This study should be performed in further works.

Figure 3.7 exposes the best approximation for both methods. By the
analysis of the table 3.13 and �gure 3.7, a regularization procedure should
be used to improve the stability of the proposed method.

3.5 Discussion

The possibility of applying the numerical analysis originated in the Pseudo-
analytic Function Theory, to conductivity distributions that are arbitrary,
and not only of separable variables form, opened a complete branch of anal-
ysis to be applied into the Electrical Impedance Tomography theory, since
most of the interesting cases precisely consist in geometrical conductivity
functions, whose separable-variables representation is unknown.

Therefore, we fully covered the elements of the Pseudoanalytic Function
Theory in order to construct solutions for the direct problem utilizing Taylor's
series in formal powers, illustrating the acceptable convergence of this method
that can be even superior to the results provided by the Finite-Element
Method, as a brief comparison provided within the previous pages states.

The importance of approaching several terms of the so-called Taylor's
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Figure 3.7: Comparison between NPSM and FEM approximation for a
Lorentzian conductivity distribution.

series at the boundary of the selected domains, realised into the possibility
of employing them precisely as boundary conditions, when identical conduc-
tivity distributions are the expected results of the algorithms dedicated to
the inverse problem. No any previous thesis is known to contain this spe-
ci�c analysis, thus, its very existence is an important contribution. Beside,
since the numerical stability of the presented results is also warranted by the
programming framework and the highly specialized development tools, these
results can be used as a reference for future works.

Speci�cally, four di�erent conductivity distributions with analytical rep-
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resentation are analysed by means of the Taylor's series in formal powers,
and on behalf of briefness only three are reused when comparing the con-
vergence with the results provided by the Finite-Element Method. Another
four cases were considered all of them containing geometrical �gures, yet, for
these cases the comparison with the Finite-Element Method was not included
exclusively because the very high-complexity for tracing their corresponding
mesh. Nonetheless, we can expect also a better convergence upcoming from
the analysis with Taylor's series, since the presence of discontinuities has
already been proved as a strong challenge for FEM.

Both methods can achieve an approximation to the forward problem of
(1.1), but the solution is quite di�erent. For some cases, the approximation
obtained by FEM is better that NPSM, and vice-versa for other cases. How-
ever, the stability that FEM reach is better that NPSM. For this reason, a
useful technique that it can be used is a regularization process.

Furthermore, FEM can achieve good approximation of the solution to
(1.1), even though the lack of a regularization process. The basic scheme of
FEM performs the approximation to prove the e�ectiveness and accuracy
of the method. The di�culty rises when a non-smooth conductivity σ func-
tion is used. Nonetheless, this technique approximates the solution, but it
depends upon the robustness of the mesh. Implying that an increment on its
robustness can perform a better approximation. In addition, any modi�ca-
tion made on the mesh implies the increment or decrement of the computer
resources and the computing-time.

On the other hand, NSPM is an e�ective method that it can achieve
good approximations despite the conductivity σ distribution used inside the
domain. Its e�ectiveness relies on the initial conditions set. Nevertheless, the
stability of the solution is not the best, and it depends on the conductivity
employed. Even though the approximation achieved is better than FEM, the
computational resources could be improved. Considering this method such
as an alternative to FEM.

In addition, NPSM method could be partially parallelized to reach faster
approximation and preserving the obtained accuracy. However, this method
depends completely on the number of obtained solutions.
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3.6 Conclusions

Summarising all the simulations performed by FEM and NPSM prove their
e�ectiveness to solve the forward problem of (1.1). Even though NSPM
demonstrates to be better than FEM, its stability is not the best. In com-
parison with FEM, NPSM should include an extra technique that proves to
be e�ective, and it is used to solve and stabilize inverse problems. This tech-
nique is known as regularization and some studies should be done in order
to understand its behaviour and to determine if this technique could help to
get more accurate and stable solutions.

Both techniques depend on the initial conditions given to approximate
the forward problem of (1.1). Furthermore, the comparison done demon-
strates that both method could obtain better approximations when di�erent
conditions are employed.

As a matter of fact, both methods use dramatic computer resources to
perform its approximation. However, NPSM method can be parallelized in
order to obtain faster solutions, even though the possibility to be parallelized,
it cannot be achieved in the whole algorithm. For this reason, further works
should be done to understand better this novel proposal and determine, which
process can be optimized.

On the other hand, FEM cannot be parallelized due to its recursive de-
sign. However, the approximations that the method can perform, make it
very competitive. In addition, this method can be optimized to obtain better
accuracy and faster solutions, but the computer resources will increase con-
siderably. For this reason, the possibility to employ an alternative technique
to perform the same analysis is considered by many experts on the �eld.



Chapter 4

Inverse Dirichlet boundary value

problem

The inverse Dirichlet boundary value problem is posed from (1.1). In this
case, as it is for the direct problem, the boundary condition is given (see
e.g. [23]). Whereas, in the forward problem the conductivity σ distribution
is given, and the task is to approach the electric potential u (see e.g. [33]),
in the inverse problem, the task is to approach the conductivity σ within the
domain (see e.g. [3]).

For the inverse problem, any variation in the input data shall reach a sig-
ni�cant di�erent solution. Therefore, if any measurement is taken with varia-
tions, as the environmental noise could be, the solution can not be calculated
into an acceptable range of accuracy (see e.g. [98], [4] and [43]). Therefore,
to warrant some minimum accuracy in the approximation of the solution,
regularization methods should be applied (see e.g. [6]). Some advantages and
disadvantages are presented by the inclusion of this regularization processes
(see e.g. [29]).

Following to [91], [22] and [62], the Tikhonov's regularization procedure
permits the in�uence diminution of the noise in real-measurements. In addi-
tion, EIT problem cannot be considered as practical medical imaging proce-
dure due to the continuous advances in the trefoil �eld and the presence of
these perturbations (see e.g. [32]).

Several works are dedicated to approximate the solution for both prob-
lems. And more speci�cally, following to [28], the existence of a technique to
obtain solution in term of linear operators, is shown to analyse and study
the inverse problem.

73
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Furthermore, the connection between pseudoholomor�c functions and the
Beltrami equations can be used to deduce the well-possessedness on smooth
domains for these class of problems (see e.g. [7]). In addition, utilizing the
theory of conjugate functions to solve the Dirichlet and the Neumann's prob-
lems for conductivity and electric potential equations, in which the density
properties are considered to trace a possible solution, it could be employed
to approximate the inverse problem (see e.g. [8]).

The possibility to use any classical method to approximate the solution,
supports the idea to combine the Taylor's series in formal power method
(NPSM) with the Finite-Element Method (FEM) in order to obtain more
accurate solutions. This chapter is dedicated to proposed a hybrid method,
that shall be employed to get a precise solution for the inverse problem of
(1.1).

4.1 Preliminaries

The inverse problem of the electrical impedance equation (1.1) possesses
a high complexity (see e.g. [98]). Furthermore, due to such complexity a
methodology is proposed to develop an hybrid method that can be used to
obtain a more direct approximation (see e.g. [3], [18] and [67]).

In this section, NPSM is used to approximate the forward problem of
(1.1). The obtained solution is employed as initial condition for the inverse
problem. Nevertheless, this technique requires a regularization process in or-
der to compute and to estimate more stable solutions. Beside, FEM is anal-
ysed to understand better their advantages and disadvantages by performing
a comparison between these methods.

Continuing the dissertation, the following subsection is dedicated to a
regularization process, that it can be adapted in order to work with NPSM
method, such as FEM.

4.1.1 Regularization process

The regularization methods are employed in many �elds, introducing addi-
tional information with the purpose to solve ill-posed problems (see e.g. [62]).
Ancillary, this method shall also be used to prevent over�tting and it is usu-
ally presented in form of a penalty for the complexity, such as restrictions
for smoothness or bounds in the space norm of a vector. In a particular case,
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including these methods in the designed algorithm presents an advantage to
compute a solution for inverse problems to �t the data in order to reduce a
norm of the solution (see e.g. [36]).

For the current problem, the imposed electric potential u|Γ represents a
�nite number of current densities jk|mk=0 for a domain Ω with a boundary Γ
and the knowledge of the Neumann-Dirichlet map (see e.g. [62]) where:

div (σ grad u) = 0, σ∂Γu = j. (1.1)

Evoking the notations for the last equation we have σ representing the
conductivity distribution in a domain Ω for the boundary Γ, whereas the u
represents the electric potential, being ∂Γu = ∂u/∂Γ, and j is the current
density.

Hence, the Tikhonov's regularization procedure is presented as follows:

min
x

(
‖Ax− b‖2 + γ2‖x‖2

)
, (4.1)

where ‖·‖ denotes the Lebesgue norm, usually denoted as L2 norm, A can be
a square matrix or a matrix of r×s dimensions, b denotes a vector with r rows,
γ is the regularization parameter, turning the problem into a minimization
of the x parameter.

Thus, (4.1) has an explicit solution expressed as follows:

x =
(
ATA+ γ2I

)−1 · AT b, (4.2)

where I is the identity matrix with the same dimension of A in this case
A = Z(n+1)[K] that represents the orthonormalized system which is the result
of the formal powers employing the conductivity σ and the imposed boundary
condition, b is the electric potential u|Γ, and the regularization parameter
γ > 0.

The main problem is to choose the correct parameter γ, which approx-
imates the solution of (4.2). In order to choose such γ, the next expression
shall be used:

γ =
m∑

k=1

ATkk · Akk
uTk · uk

, (4.3)

where A is the orthonormalized solution of NPSM and u denotes the electric
potential.
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However, following to [21], NPSM requires modi�cations to obtain a more
stable approximations for (1.1). This consists in the insertion of a regular-
ization process to the main algorithm (see e.g. [83] and [6]).

Following to [92] and [1], this regularization process was posed by A.
Tikhonov and it is very useful when studying inverse problems. This modi�-
cation can be observed in the algorithm 2 (see e.g. [83]).

Algorithm 2: Modi�ed Taylor's series in formal power method.
1 S ← 500; N ← 20; K + 1← 501;
2 while s = 1→ S
3 while n = 1→ N
4 while k = 0→ K
5 Z(n+1)[k] = B

[
Z(n)[k]

]
;

6 while γ > γe
7 Function Orthonormalization
8 Classical Gram-Schmidt Orthonormalization Process
9 Function Regularization

10 Tikhonov Regularization Process
11 Function Approach_Boundary_Condition
12 uapp =

∑N
n=0

(
αnu

(n) (1, 0, z) + βnu
(n) (i, 0, z)

)
;

13 γe =
m∑

k=1

ATkkAkk
uTappuapp

;

14 Function Save Orthonormal_Sytem;
15 Function Save Coe�cients;

NPSM can be observed graphically in the �owchart shown in �gure 4.1a.
In the �gure 4.1b is shown the particular variation of FEM that will be used.
As it was mention, FEM can achieve and perform an approximation to the
inverse problem of (1.1) by itself (see e.g. [98], [9] and [8]). Nevertheless,
due to its maximum resolution obtained, it is not considered as standard
technique in the Medical Imaging.

The aim is to achieve a possible approximation that can be considered
useful to understand the inverse problem of (1.1). This development is the
�rst tried to fusion NPSM and FEM. In addition, the methodology used for
both methods is the following:

• Forward Dirichlet boundary value problem:

1. Select the main domain.

2. Choose a conductivity distribution σ within the domain.
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(a) Forward Dirichlet boundary value problem.
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(b) Inverse Dirichlet boundary value problem.

Figure 4.1: Flowcharts use for the Electrical Impedance Tomography prob-
lem.
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3. Approximate the solution by means of NPSM.

4. Applying Tikhonov's regularization procedure to the approxima-
tion computed.

5. Perform the computation of the electric potential u|Γ at the
boundary.

• Inverse Dirichlet boundary value problem:

1. Select the main domain.

2. Choose the electric potential u|Γ at the boundary

3. Approximate the solution by means of FEM.

4. Perform the computation of the conductivity σ distribution within
the domain.

As it was mentioned in the last paragraphs, the approximation obtained
depends upon the initial condition given. This regularization process is em-
ployed to understand the behaviour of the problem leaving for the next sec-
tion the methodology of the main process for approximation of the solution
(see e.g. [102]).

In this section, two hybrid methods are proposed, in which the main idea
for these methods is to fusion the forward problem and the inverse problem.
The forward problem is approximated by NPSM and the inverse problem is
solved by FEM (see e.g. [99]).

This is not a novel idea (see e.g. [50] and [87]), and yet the usage of
NPSM into the basic scheme of FEM represents a possibility to approximate
the solution with high precision and faster. Both methods are exposed in
the following subsections, presenting the algorithm and the �owcharts to
understand better these proposals.

4.1.2 Proposed hybrid method 1

This novel proposal tries to analyse the behaviour of (1.1). The analysis
permits to design a method that could be used to obtain faster and more
accurate solutions. In addition, the designed method proposes a form to use
the classical methods instead of avoiding them. In this case, this method can
be considered hybrid, because it involves NPSM (chapter 3) in its compu-
tational scheme. Yet, the inherent instability of NPSM is diminished by the
inclusion of a regularization technique.
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Hence, the methodology used is the following:

1. Select a domain, and choose a conductivity σ distribution.

2. Compute the forward problem to obtain the electric potential u|Γ at
the boundary.

3. Using the calculated electric potential u|Γ, the solution to the inverse
problem is approximated.

4. Using the quality image assessments the comparison between the ap-
proximation and the original distribution takes place.

The methodology can be observed in the �owchart exposed in the �gure
4.2.

On the other hand, the developed method is shown in the algorithm 3.
It is important to mention that the conductivity distribution σ used in

the proposed method is only known for the forward problem. It means that
the approximation obtained by NPSM is used as the initial condition for the
inverse problem and approximated by FEM.

For the purposes of this work, the approximation of this hybrid method is
compared with the conductivity σ distribution selected by the SIMM (4.6),
PSNR (4.4) and MSE (4.5) criteria, which it exposes the error between the
approximation computed and the original conductivity (see e.g. [67] and [82]).

4.1.3 Proposed hybrid method 2

This second method shares the main the �rst one. However, this method is
a variation of the �rst method exposed. As it was mentioned before, it uses
the forward and inverse approximation to propose a hybrid method that can
be used to study the EIT problem.

Hence, the methodology for this method is the following:

1. A domain is selected and the electric potential u is employed as initial
condition.

2. The inverse problem is computed to obtain the conductivity σ distri-
bution inside the domain.

3. Once the conductivity σ distribution is computed, the forward problem
computation takes place.
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Figure 4.2: Hybrid method 1, �rst approximation by the NPSM and the
�nal approaching by the FEM.
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Algorithm 3: Hybrid method 1: Forward then inverse approximation.
1 S ← 500; N ← 20; K + 1← 501;
2 while s = 1→ S
3 while n = 1→ N
4 while k = 0→ K
5 Z(n+1)[k] = B

[
Z(n)[k]

]
;

6 while γ > γe
7 Function Orthonormalization
8 Classical Gram-Schmidt Orthonormalization Process
9 Function Regularization

10 Tikhonov Regularization Process
11 Function Approach_Boundary_Condition
12 uapp =

∑N
n=0

(
αnu

(n) (1, 0, z) + βnu
(n) (i, 0, z)

)
;

13 γe =
m∑

k=1

ATkkAkk
uTappuapp

;

14 Function Save Orthonormal_Sytem;
15 Function Save Coe�cients;
16 U ← Coefficients(uapp);
17 Function Finite Element Method
18 Mesh de�nition;
19 Mesh Approximation;
20 % conductivity
21 Function Save Conductivity;
22 Function Quality Image Measurements

23 MSE← 1
m·n

m−1,n−1∑

k=0,l=0

(I(k, l)−R(k, l))2;

24 PSNR← 20 · log10

(
MAXI√
MSE

)
;

25 SSIM←
(

(2µxµy+c1)(2ςxy+c2)

(µ2x+µ2y+c1)(ς2x+ς2y+c2)

)
;
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4. The Lebesgue measure compares the approximation with the original
function.

5. If the Lebesgue measurement does not ful�l the desire error, the electric
potential u pass once again to the inverse problem to recompute all the
process (see e.g. [59]).

This method can be observed on the �owchart exposed in the �gure 4.3.
In comparison with the algorithm 4.2, the di�erence is the initial condition

given. In this case, the electric potential u is used as initial condition in order
to obtain the conductivity distribution σ. The main goal of this method is
to obtain an accurate approximation by iterating constantly the forward
problem using it as initial condition for this method (see e.g. [59]).

The �owchart illustrated in �gure 4.3 can be represented as a process as it
is shown in the algorithm 4. This algorithm shows the full method developed
in order to approximate the solution with better acuracy.

Algorithms 3 and 4 are used in the simulation section to approximate the
solution to the inverse problem, both methods exposed its advantages and
disadvantages. Comparing its approximation with classical methods exposed
before (see e.g. [98]).

4.2 Simulations results

The methodology depends upon the initial condition given. Both algorithms
approximate the solution to the forward and inverse problem, but the solution
obtained will be di�erent.

In order to make a comparison and to understand the behaviour of the
method, the Lebesgue measure (3.27) is included for the forward problem, in
which the approximation of the electric potential uapp is compared with the
original electric potential uc|γ imposed at the boundary.

The Lebesgue measure is the following:

E =

(∫

Γ

(uc|Γ − uapp)2 dl

) 1
2

. (3.27)

On the other hand, for the inverse problem the quality assessments are
utilized. These statements are expressed as following:

PSNR = 20 · log10

(
MAXIm√
MSE

)
, (4.4)
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Algorithm 4: Hybrid method 2: Inverse then forward approximation.
1 U ← 1; cont← 0;
2 while (E < 1.5× 10−5)‖(cont = 10)
3 if cont > 0
4 U ← uapp;
5 Function Finite Element Method
6 Mesh de�nition;
7 Mesh Approximation;
8 % conductivity
9 Function Save Conductivity;

10 Function Quality Image Measurements

11 MSE← 1
m·n

m−1,n−1∑

k=0,l=0

(I(k, l)−R(k, l))2;

12 PSNR← 20 · log10

(
MAXI√
MSE

)
;

13 SSIM←
(

(2µxµy+c1)(2ςxy+c2)

(µ2x+µ2y+c1)(ς2x+ς2y+c2)

)
;

14 S ← 500; N ← 20; K + 1← 501;
15 while s = 1→ S
16 while n = 1→ N
17 while k = 0→ K
18 Z(n+1)[k] = B

[
Z(n)[k]

]
;

19 while γ > γe
20 Function Orthonormalization
21 Classical Gram-Schmidt Orthonormalization Process
22 Function Regularization
23 Tikhonov Regularization Process
24 Function Approach_Boundary_Condition
25 uapp =

∑N
n=0

(
αnu

(n) (1, 0, z) + βnu
(n) (i, 0, z)

)
;

26 γe =
m∑

k=1

ATkkAkk
uTappuapp

;

27 Function Save Orthonormal_Sytem;
28 Function Save Coe�cients;
29 Function Lebesgue measure;

30 E =

∫ 2π

0

(
(u|Γ − uapp)2 dl

) 1
2 ;

31 if E > 1.5× 10−5

32 cont← cont+ 1;
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where MAXIm = 255 is the maximum pixel value of the image (8 bits), and
the MSE is the mean square error which expression is the following:

MSE =
1

m · n

m−1,n−1∑

k=0,l=0

(Im (k, l)−R (k, l))2 , (4.5)

where Im (k, l) is the k × l conductivity image for σor and R is the k × l for
the approximated conductivity σapp.

Then, the structural similarity index measure is represented as follow:

SSIM =

(
(2µxµy + c1)(2ςxy + c2)

(µ2
x + µ2

y + c1)(ς2
x + ς2

y + c2)

)
, (4.6)

where µx is the average of x, µy is the average of y, ς2
x is the variance of

x, ς2
y is the variance of y, ςxy is the covariance of x and y, c1 = (k1L)2 and

c2 = (k2L)2 are variables to stabilize the division with weak denominator,
where k1 = 0.01, k2 = 0.03 by default, and L is the dynamic range of the
pixel values, commonly 2(#bits_per_pixel)−1, and x and y denote two windows
of common size N ×N .

These quality image assessments permit to estimate the error in the image
to be computed by FEM.

4.2.1 Theoretical proposed cases

This section is dedicated to study the behaviour of both hybrid methods
designed to compute the solution to the inverse problem of EIT. Moreover,
to determine the similarity with the initial data the image quality assessments
are employed in which the PSNR (4.4), MSE (4.5) and SSIM (4.6) are used
in the inverse problem approximation step.

The Lebesgue measure (3.27) is used to determine the error when the
forward problem takes place in the problem approximation. Depending on
the algorithm used, the inverse and the forward problem would determine
the order of the approximation. The following section exposes brie�y the
methodology to obtain the solution of the arti�cial cases, in which geometric
conductivity σ distributions are employed.

4.2.1.1 Methodology

In order to compute the approximation to the forward and inverse problems,
the algorithms 3 and 4 are used. In this case, the problem approximation
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depends upon the initial conditions given by the problem.

For example, when the initial condition is the conductivity σ, the algo-
rithm 3 is used. Furthermore, as it can be appreciate in the �owchart 4.2,
NPSM method is used �rst, for this algorithm the number of formal powers
increase depending on the number of solution to be obtained, but the total
number of points per radius and the number of radii are �xed to compute
the solution faster.

In this case, the approximation obtained is the electric potential uapp at
the boundary and it is compared with the imposed condition u|Γ by the
Lebesgue measure. This approximation is used later as initial condition for
the inverse problem, in which, the solution is the conductivity σ and it is
compared by means of the image quality assessments (4.5), (4.4) and (4.6).

On the other hand, when the initial condition is the electric potential u,
the algorithm 4 is used. In this case, the approximation is the solution to
the inverse problem of (1.1). The comparison by means of the image qual-
ity assessments (4.5), (4.4) and (4.6) is used, comparing the approximation
obtained with the initial condition.

Once the solution is obtained, in this case the conductivity σ, the second
part of the method is employed. For this step, the electric potential u is
calculated by means of NPSM. This approximation is compared with the
original by using the Lebesgue measure (3.27). If the approximation does not
ful�l the conditions given, the solution is introduced again at the beginning
of the algorithm to recompute it again.

The following section is dedicated to the study of arti�cial conductivity
cases proposed to analyse the behaviour of both hybrid methods, and de-
termine which method is the best. Furthermore, a comparison with FEM is
performed to determine is the solution is well-done.

4.2.1.2 First geometric case: Circle at centre

Considering a geometric conductivity σ distribution with the form exposed
in the �gure 4.4. This case is represented by a small disk located at the centre
of the domain, which conductivity σ1 = 100 and in the rest of the domain
σ2 = 10.

For the correct approximation of the forward problem, the imposed
boundary condition to be used is the Lorentzian (3.31). This equation is
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Figure 4.4: First geometric case: Circle at centre conductivity distribution.

Table 4.1: Centred circle error assessment and computing time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 9.84× 10−15 165.79 9.45× 10−7 200.20 5.45× 10−6 205.50
20 8.10× 10−15 252.76 8.90× 10−7 295.90 4.23× 10−6 315.15
30 7.24× 10−15 317.41 7.54× 10−7 360.08 3.12× 10−6 405.5
40 6.21× 10−15 453.56 6.39× 10−7 595.51 2.41× 10−6 650.99

the following one:

u|Γ =
1

3
(x+ dx)

3 +
1

3
(y + dy)

3 + Lc(x+ dx + y + dy). (3.31)

Hence, the table 4.1 exposed the solutions obtained by both methods and
FEM. Remember that the employing of both problems of (1.1) is autonomous
and the usage of both hybrid methods is doing independently, but the table
shows the solution of its approximation using the forward problem.

The table 4.1 shows that the best result is achieved by the �rst hybrid
method proposed. Nevertheless, FEM does not be discarded, because its ap-
proximation solution is considered accurate. Even thou the approximations
for the forward problem are computed with high accuracy, it needs to be
checked with the inverse problem.
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Table 4.2: Centred circle conductivity distribution.
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a) b) c) d)

e) f) g)
PSNR = 20.1476 PSNR = 19.8442 PSNR = 16.1862
SSIM = 0.9282 SSIM = 0.9041 SSIM = 0.8543
MSE = 0.0097 MSE = 0.0104 MSE = 0.0241

a) Original conductivity, b) HM1
c) HM2, d) FEM

e) Error HM1, f) Error HM2, g) Error FEM.

Thus, the table 4.2 shows the approximation obtained by the inverse
problem, which it is approached by FEM and both hybrid proposed methods.
In this case, for the employment of the second hybrid method, the number of
iterations to be done is �xed at 10 times. Furthermore, in order to illustrate
better the error, it is ampli�ed 10 times.

Considering the table 4.2, the best approximation is obtained by the �rst
hybrid method proposed. The reason is that the forward problem is very
accurate, and it helps to obtain a better approximation in comparison with
the other two methods. The result exposed by FEM method should not be
discarded, because it is employing the basic scheme and the approximation
could be best when other models are included.

In this case, the forward problem can achieve faster, accurate and stable
solution due to the inclusion of the regularization process in its scheme. The
results exposed in terms of the image quality assessments demonstrates that
the best approximation is gotten by the �rst hybrid method. The image
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Figure 4.5: Displaced circle conductivity distribution.

quality assessments illustrates similarity between the methods. In this case,
the results depends completely upon the image obtained by these methods.

4.2.1.3 Second geometric case: Circle out of centre

This case represents a conductivity σ distribution in which a small disk dis-
places from the center. This case is particularly important because it shows
the behaviour of the method when a tiny disk is located in any part of the
domain, and any displacement of the small disk can be considered as a geo-
metric rotation.

The �gure 4.5 shows the geometric distribution described before, in which
the small displaced disk possesses a conductivity σ1 = 100 and the rest of
the domain σ2 = 10. Actually, the imposed boundary condition to be used
in this case is the equivalent like in the previous case that is (3.27).

The table 4.3 shows the error in the approximation obtained by NPSM
and FEM. The table also exposed the computing-time for the three methods.

At the light of the results exposed in the table 4.3, in which the best result
is the approximation using the �rst hybrid method, whereas the worst is the
second hybrid method proposed. FEM can approximate with more accuracy
than the second hybrid method proposed. More experiments should be done
to check this behaviour.

Hence, in table 4.4 exposes the approximation and a comparison between
the three methods.
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Table 4.3: Displaced circle conductivity distribution error and computing
time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 9.97× 10−5 157.75 8.89× 10−3 201.11 9.54× 10−4 225.54
20 9.10× 10−5 201.31 8.01× 10−3 290.81 8.15× 10−4 305.56
30 8.53× 10−5 300.91 7.51× 10−3 395.05 7.25× 10−4 482.25
40 7.07× 10−5 450.50 6.26× 10−3 534.23 6.63× 10−4 599.09

Table 4.4: Displaced circle conductivity distribution.

50

100

150

200

250

50

100

150

200

250

50

100

150

200

250

50

100

150

200

250

a) b) c) d)

e) f) g)
PSNR = 49.2329 PSNR = 24.5484 PSNR = 19.9407
SSIM = 0.9990 SSIM = 0.9385 SSIM = 0.8358

MSE = 1.1932× 10−5 MSE = 0.0035 MSE = 0.0101
a) Original conductivity, b) HM1

c) HM2, d) FEM
e) Error HM1, f) Error HM2, g) Error FEM.
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Figure 4.6: Two circles conductivity distribution.

Considering the table 4.4, the best approximation is obtained by the �rst
hybrid method, but FEM method should not be discarded, because it uses
the Gauss-Newton model in its basic scheme, and the approximation should
be improved when a more e�ective model is used.

All in all, the second hybrid method performs a good approximation even
when the maximum iterations are �xed at 10 times. Nevertheless, the ap-
proximation could be improved by iterating more times the algorithm. The
results of the approximation obtained by the exposed methods show in ta-
ble 4.4 the similarity between the original data and the approximation. In
this case, the best method is the �rst one, due to its capacity to employed
more accurate algorithms to approximate solutions. However, the FEM could
achieve better approximations, if the employed model is changed.

4.2.1.4 Third geometric case: Two circles within

This special case show two tiny disk located within a unit disk domain. This
conductivity distribution σ is used only for the forward problem. Then, the
two small disk posses a conductivity σ1 = σ2 = 100, and the rest of the
domain has a conductivity σ3 = 10.

Hence, the �gure 4.6 illustrates the geometric distribution employ to check
the behaviour of both hybrid propose methods and FEM method in its basic
scheme.

The imposed boundary condition is represented in equation (3.27). The
table 4.5 exposed the relation of the three employed methods.
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Table 4.5: Two circles conductivity distribution errors and computing times.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 8.28× 10−3 199.99 6.12× 10−1 240.70 9.29× 10−2 265.91
20 7.71× 10−3 261.43 5.81× 10−1 345.29 8.88× 10−2 395.93
30 6.99× 10−3 375.51 4.44× 10−1 495.75 7.18× 10−2 505.01
40 5.81× 10−3 499.09 3.82× 10−1 630.91 6.29× 10−2 721.61

On the light of the results exposed on the table 4.5, the approximation
error decreases considerably in comparison to the previous cases. This decre-
ment is explained by the presence of the small disks, inserted inside the
domain. In case of FEM, the mesh is the responsible to locate the tiny disks
within and for the forward problem, in which the method employed is NPSM,
the mapping within the domain provokes that the approximation cannot be
obtained correctly. Even thou the best approximation is obtained by the �rst
hybrid method.

Then, the table 4.6 exposes the approximation got by the three methods.
In the case of the second hybrid method, the approximation is limited to 10
iterations and the errors obtained by these methods are ampli�ed 10 times
to appreciate better the error.

Considering the results contained in table 4.6, the best approximation is
obtained by the �rst hybrid method. Nevertheless, as it was mention before,
FEM uses basic scheme, in which the Gauss-Newton model. Furthermore,
if the essential model is changed the approximation obtained by the FEM
should be better.

Taking into consideration the image quality assessments, the �rst hybrid
method achieves the best similarity with the original data. This statements
helps to recognize the best approximation exposing the image reconstruc-
tion. Even though the obtained approximation, FEM should be taken into
consideration because a simple modi�cation in its scheme can perform better
approximations.



4.2. SIMULATION RESULTS. 93

Table 4.6: Two circles conductivity distribution.
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a) b) c) d)

e) f) g)
PSNR = 23.21 PSNR = 21.4687 PSNR = 20.0309
SSIM = 0.9462 SSIM = 0.8750 SSIM = 0.8666
MSE = 0.0048 MSE = 0.0071 MSE = 0.0099

a) Original conductivity, b) HM1
c) HM2, d) Approximation FEM

e) Error HM1, f) Error HM2, g) Error FEM.
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Figure 4.7: Three disk located within the unit disk domain.

Table 4.7: Three disk within domain error assessment and computing time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 3.45× 10−1 160.99 4.45× 101 200.20 5.90× 10−2 205.50
20 3.10× 10−1 250.86 3.90× 101 295.90 4.81× 10−2 315.15
30 2.98× 10−1 310.51 2.54× 101 360.08 3.72× 10−2 405.5
40 2.78× 10−1 450.66 1.39× 101 595.51 2.63× 10−2 650.99

4.2.1.5 Fourth geometric case: Three circles within

In this case, there are set three small circles inside a unit domain. Further-
more, the conductivity σ1 = σ2 = σ3 = 100 is the same for the three objects.
Respectively, for the rest of the domain the conductivity is �xed at σ4 = 10.
The �gure 4.7 illustrates the geometric distribution of the conductivity.

Therefore, table 4.7 exposes the error in the approximation obtained by
the three method. In addition, the imposed boundary condition to be imposed
is the same like in the equation (3.27), that it is the Lorentzian boundary
condition.

In this particular case, table 4.7 shows that the best method to approach
the solution in FEM, meanwhile the results obtained by the hybrid proposal
should not be discarded. There are many reasons that can explain the result
obtained by these methods, but it simply determines that the accuracy in



4.2. SIMULATION RESULTS. 95

Table 4.8: Three circle located within the domain.
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a) b) c) d)

e) f) g)
PSNR = 34.2474 PSNR = 19.4981 PSNR = 17.9035
SSIM = 0.9855 SSIM = 0.8269 SSIM = 0.8458

MSE = 3.7606× 10−4 MSE = 0.0112 MSE = 0.0162
a) Original conductivity, b) HM1

c) HM2, d) FEM
e) Error HM1, f) Error HM2, g) Error FEM.

the method cannot be reach at least for this case. Nevertheless, the mesh
con�guration is better than the mapping by a piece-wise separable variable
method.

Hence, table 4.8 exposes and illustrates the result for the inverse problem
approximation. In this case, the hybrid proposals depend upon the approxi-
mation of the forward problem, and if these approximations are not accurate,
the result could not be obtained precisely.

Nevertheless, the table 4.7 shows the approximation to the forward prob-
lem at least for the proposal methods are not the best, the results obtained
in the inverse problem outweigh the expectations. Even though FEM obtains
the best approach due to its mesh, when the inverse problem is approximated,
the result is not the best one. This behaviour is due to model employed with
FEM. In spite of this situation, the behaviour and the approximation accu-
racy should be improved when another model is used.

The image quality shows the inverse problem approximation, in which
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Figure 4.8: Half centred circle inside a unit disk domain.

the best solution is obtained by the �rst hybrid method. Furthermore, in
this case, the approximation performed should be analysed and studied in
detail to determine the behaviour. One point in favour is the unit disk domain
that it is more convenient for the sample approached.

4.2.1.6 Fifth geometric case: Half circle within

The following conductivity σ distribution is a half circle at the centre of
the unit disk domain. For this distribution the conductivity is σ1 = 100.
Concurrently for the shape inside the conductivity is σ2 = 10 for the rest of
the domain. The following �gure 4.8 illustrates the unit disk domain with
the conductivity function to be used.

Hereafter, such as in the previous cases, the imposed boundary condition
to be used only for the forward problems is the Lorentzian condition presented
in equation (3.27). The table 4.9 exposes the numerical error and the time
computing for the approximation done by the forward problem using NPSM
and FEM.

In order to make a comparison in the approximation, the image quality
assessment is employed to determine if the approximation is similar to the
original conductivity. This comparison can be observed in table 4.10, in which
the approximation is done by FEM.

Considering the results exposed in table 4.10, in this particular case, the
best approximation is gotten by the �rst hybrid method, and the worst is
obtained by FEM. The approximation should improve if the model used with
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Table 4.9: Half circle centred error assessment and computing time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 1.81× 10−7 165.79 9.14× 10−4 200.20 5.90× 10−3 205.50
20 1.59× 10−7 252.76 8.16× 10−4 295.90 5.10× 10−3 315.15
30 1.34× 10−7 317.41 7.15× 10−4 360.08 3.86× 10−3 405.5
40 1.21× 10−7 453.56 6.92× 10−4 595.51 3.52× 10−3 650.99

Table 4.10: Half circle centred conductivity distribution.
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a) b) c) d)

e) f) g)
PSNR = 27.4690 PSNR = 19.3014 PSNR = 19.4205
SSIM = 0.9866 SSIM = 0.8475 SSIM = 0.8297
MSE = 0.0018 MSE = 0.0117 MSE = 0.0114

a) Original conductivity, b) HM1
c) HM2, d) FEM

e) Error HM1, f) Error HM2, g) Error FEM.
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Figure 4.9: Triangles within the domain.

Table 4.11: Two triangles error assessment and computing time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 8.45× 103 165.79 9.90× 104 200.20 5.48× 101 205.50
20 8.10× 103 252.76 8.88× 104 295.90 4.43× 101 315.15
30 7.99× 103 317.41 7.57× 104 360.08 3.52× 101 405.5
40 7.65× 103 453.56 6.30× 104 595.51 2.59× 101 650.99

FEM is di�erent.
In terms of the image similarity, the best result is achieved by the �rst

hybrid method. As it was mentioned before, the image quality assessments
illustrates the error between the original data and the approximation that
the methods can get.

4.2.1.7 Sixth geometric case: Triangles

In this case, two triangles are used inside the domain, these triangles posses
a conductivity σ1 = σ2 = 100 distribution and for the rest of the domain
σ3 = 10. This conductivity distribution is illustrated in �gure 4.9.

The table 4.11 exposes the result of the three methods.
Hence, the table 4.12 shows the comparison that is made using the quality

image assessments, in which the approximation is compared with the original
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Table 4.12: Two triangles within a unit disk conductivity distribution.
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e) f) g)
PSNR = 15.5200 PSNR = 19.9845 PSNR = 19.4051
SSIM = 0.9028 SSIM = 0.8497 SSIM = 0.8200
MSE = 0.0281 MSE = 0.0100 MSE = 0.0115

a) Original conductivity, b) HM1
c) HM2, d) FEM

e) Error HM1, f) Error HM2, g) Error FEM.

conductivity to determinate the accuracy of the method.

Summing up the results in the table 4.12, the best approximation is ob-
tained by means of the �rst hybrid method. This sample is used to understand
the behaviour of the three methods when non-smooth conductivity distribu-
tion is selected. However, FEM should not be discarded. Instead of it, the
basic model should be changed in order to get better results.

The image quality assessments were used to determined the similarity
with the original data employed for the main problem. In this case, the best
approximation was achieved by the second hybrid method. but the solution
obtained could be improved for the other two methods, if more accurate
and robust mesh are employed. The image quality helps to understand the
behaviour of the problem.
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Figure 4.10: Centred square conductivity distribution.

4.2.1.8 Seventh geometric case: Square at center

In this particular case, the square at center conductivity distribution σ is rep-
resentative of a non-smooth distribution inside. For this case the conductivity
distribution possesses σ1 = 100 and the rest of the domain has σ2 = 10.

This shape distribution is illustrated in the �gure 4.10.
Furthermore, the imposed boundary condition is the Lorentzian conduc-

tivity function represented in the equation (3.27). The table 4.13 shows the
results for the approximation for the forward problem. This approximation
presents the error in the approximation comparing with the imposed bound-
ary condition.

Table 4.13: Centred square conductivity distribution errors and computing
time.

Formal powers
Approximation Approximation Approximation

HM1 HM2 FEM
N E t E t E t
10 2.34× 10−1 169.19 6.35 210.10 8.28× 101 225.10
20 2.04× 10−1 255.81 5.10 298.41 9.81× 101 225.10
30 1.90× 10−1 300.00 4.56 370.15 10.16× 101 405.51
40 1.61× 10−1 451.95 3.33 590.62 12.41× 101 645.06

In this case, the best approximation is obtained by the �rst hybrid
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method, in which the forward problem is computed �rst and then the in-
verse problem. Furthermore, the three methods proof to be stable and all
can be employed to approximate the solution to the inverse problem.

Like in the previous cases, a comparison is taken into consideration, where
the image quality assessments are used to compare the approximation to the
inverse problem and comparing with the original conductivity distribution.

The table 4.14 shows the simulations and the results for the approxima-
tion obtained by these three methods.

Table 4.14: Approximation for square at center conductivity distribution.
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a) b) c) d)

e) f) g)
PSNR = 23.1058 PSNR = 21.0459 PSNR = 17.61
SSIM = 0.9570 SSIM = 0.8995 SSIM = 0.8631
MSE = 0.0049 MSE = 0.0079 MSE = 0.0173

a) Original conductivity function, b) Approximation hybrid method 1
c) Approximation hybrid method 2, d) Approximation FEM

e) Error hybrid method 1, f) Error hybrid method 2, g) Error FEM.

Summarizing up the results gotten in both tables 4.14 and 4.13, the best
approximation method is the �rst one. Nevertheless, the other two methods
should not be discarded, especially FEM, but the approximation should be
improved when other model is in use instead of the basic.

The image quality assessments determines that the method, which ap-
proximates the solution best, is the �rst hybrid method. In this case, the
image should be analysed to determine if the shape of the domain does not
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a�ect directly to the image quality. More simulations need to be performed to
analyse and to understand the behaviour of the three methods. Furthermore,
these methods try to obtain the solution to the inverse problem, but all the
samples are created arti�cially.

4.2.1.9 Discussion

On the light of the presented results and without jumping into conclusions,
the hybrid method posed in this dissertation shall well be one of the most ad-
vance propositions for the theoretical foundations of the Electrical Impedance
Tomography, since it incorporates the advantages provided by the use of the
extended Pseudoanalytic Function Theory, also a research result reported in
these pages and the application of re�ned variations of the Finite-Element
Method.

In this sense, we shall aboard the gamma of examples from two di�er-
ent classi�cation those experiments based upon theoretical conductivity dis-
tributions and those incoming from laboratory models together with their
corresponding physical measurements. Here we discuss the theoretical cases.

The simulations are all around purely geometrical conductivity distribu-
tions as it should be for a proper comparison with real cases. Seven di�erent
examples are included and at each one them, the hybrid method is applied:
a certain number of formal powers are approached employing the extended
principles of the Pseudoanalytic Function Theory. Intermediately after such
formal powers are employed as boundary conditions for the novel variation
of the Finite-Element Method is to solve the inverse problem.

In general, we can enhance that the examples corresponding to �rst four
cases presented the best convergence according to the numerical evaluation.
Nonetheless, the qualitative convergence is discourage because it strongly
depends of the criteria of the observer, we shall also emphasized that the
remaining examples might also be quali�ed as acceptable if we appoint that
the geometrical �gures within the domains possessed non-smooth points.
Once more, the last sentence shall be only be considered from an engineering
point of view, since the appreciation remains qualitative.

The proposed hybrid methods have proven its e�ectiveness to approxi-
mate the solution of the inverse problem of EIT. In this case, the approx-
imation by the hybrid methods depends upon the given initial conditions.
In addition, the Tikhonov's regularization process helps to stabilize the ap-
proximation. Moreover, the procedure helps to improve the accuracy in the
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method, as it was exposed in the tables.
A disadvantage of the �rst hybrid method is that it requires necessarily

the conductivity σ distribution to begin the calculation. An advantage is that
the computing-time decreases considerably when the estimate solution of the
forward problem is used in the inverse problem.

The second hybrid method needs the electric potential u|Γ to begin the
calculation. Nevertheless, this method is slower than the �rst hybrid method,
because it needs to perform the analysis of the whole method to determine if
the solution is right and ful�l the conditions. For this reason a stop criterion
and a threshold is used to stop the algorithm.

A disadvantage of this method is the large computing-time due to the
high number of iterations. However, the advantages of this method is that in
some cases it performs better approximation.

The comparison with FEM is considered, because this method is used
in many works dedicated in this �eld. However, FEM is a slower process
that requires many computational resources, and this method can not be
parallelized such as NPSM (see e.g. [67], [88]).

A disadvantage of this method is the mesh construction, it means that if
the solutions need to be more accurate the mesh should be bigger.

For this reason, the maximum resolution relies on the mesh size. However,
an advantage of this method is the possibility to adapt by changing some
parameters in its scheme, this change can produce a better and accurate
approximation to the analysed problem.

4.2.1.10 Conclusion

The inverse problem of EIT is considered very di�cult to solve, for this
reason, the designed hybrid methods are proposed to analysed the behaviour
of (1.1). In this case, the complexity relies on the initial conditions.

All the exposed methods can perform and achieve solutions to the inverse
problem, but the requirement of more techniques to achieve a possible so-
lution depends on the method to be used. In case of the hybrids methods,
NPSM needs obligatory a regularization procedure to obtain stable solutions.
However, the computational resources increase by the addition of these tech-
niques.

The goal is to design a technique that it could compete with FEM and
used in the Medical Imaging. For this reason, the study of the geometri-
cal cases, let us to perform this analysis to create a possible method that
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can be used with physical real-measures in the practice. Furthermore, this
measurements should be obtained by a data acquisition system.

Further works should be included the analysis of these real-measurements
and the design of a data acquisition system to used in the practice.
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4.2.2 Real measurements simulation case

In this section, the study of the electrical impedance equation (1.1) takes
place, in which real measurements are used instead of arti�cial conductivity
distributions. Furthermore, both hybrid methods are used to approximate
the solution to the inverse problem. In addition, in [37], the methods are
analysed and studied to understand the real physics measurements.

Following to [37], [9] and [98], the approximation model is the backpro-
jection and it is used because of its simplicity and the possibility to employ
this method to generate more accurate approximations. In this case, the pro-
cedure is used to generate a 2D and 3D models. Sometimes this method
is combined with a Tikhonov regularization process to stabilize and correct
non-smoothness (see e. g. [92] and [42]).

In [37], the �rst step in this section is to get the results exposed. Nev-
ertheless, in the second step, a comparison between the proposed algorithm
and the method is presented. In order to understand better the methodology
that it is exposed later, the general backprojection model is explained in the
following section.

4.2.2.1 Generallized backprojection model

Following to [37], the backprojection model is used to approximate the so-
lution to the inverse problem. Furthermore, the electric potential u|Γ is ob-
tained from real physics measurements and they are gotten from a Phantom-
EIT. This device is known as Applied Potential Tomography System Mark I
(IBEES, She�eld, UK) (see e.g. [16]).

Considering the measurements given, the backprojection model needs to
be analysed in order to compute the solution for the inverse problem. For this
reason, the generalized backprojection model is studied in detail to compute
the approximation of the solutions (see e.g. [37]). Furthermore, once the
approximation are done, a comparison using both hybrid methods is used to
con�rm the functionality of both methods.

Following to [96], the electrical impedance equation (1.1) is employed and
presented as follows:

div (σ grad u) = 0. (1.1)

In this case, the imposed boundary conditions to (1.1) is:
{

u = u0 ∈ Γ1

σ ∂u
∂n

= −jn ∈ Γ2,
(4.7)
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where σ is the conductivity and u is the electric potential for a domain Ω
with boundary Γ, in this case jn is the current density addition and n is the
outgoing vector.

Considering the Gauss divergence theorem for boundaries (see e.g. [63]),
it is assume that G is a continuous vectorial function, then:

∫

Γ

G · dS =

∫

Γ

grad GdV. (4.8)

Hereafter, when two scalar functions ψ and φ are considered, and sup-
posing that σ is an scalar vector, the following statement is obtained by the
substitution of G for ψ (σ grad φ):
∫

Γ

ψσ grad φ·dS =

∫

Γ

ψ grad (σ grad φ) dV +

∫

Ω

σ grad ψ grad φdV. (4.9)

Then, let us suppose φ as a solution of (1.1), in which the left-hand term
in the equation (4.9) is vanished as follows:

∫

Γ

ψσ grad φ · dS =

∫

Γ

σ grad ψ · grad φdV. (4.10)

Supposing that a current I is introduced into the region Ω by using the
electrodes in the boundary, then a potential �eld φ is set over the region and
the surface Γ. By means of the Ohm's law the current density is:

∫

Γ

ψσ grad φ · dS = Iψ. (4.11)

Similarly, considering ψ as a solution to (1.1) when the current I is con-
ducted trough the electrodes in the boundary, then the integral surface turns
into:

u = ψ = φ =

∫

Γ

σ grad ψ grad ψdV. (4.12)

Then, the general conductivity distribution and its association with the
voltage measurements in terms of the perturbation and the uniform conduc-
tivity distribution can be expressed as:





σ = σu + σp
u = uu + up

grad ψ = grad ψu + grad ψp
grad φ = grad φu + grad φp

(4.13)
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where u and p are uniform and equivalent respectively.
Then, (4.12) can be expanded as:

u =

∫

Ω

σ ( grad ψu + grad ψp) · ( grad φu + grad φp) . (4.14)

Supposing that the current is constant and it is applied into the region Γ
for the equation (4.14), such as it follows:

up = −
∫

Ω

σp grad ψu · grad φdV. (4.15)

So, if the conductivity σp is minor than grad φp � grad φu and the rela-
tion on the integral grad φp in (4.15), the result is the following statement:

up = −
∫

Ω

σp grad ψu grad φudV. (4.16)

In terms of the uniform conductivity distribution and the voltage is mono-
tonic. In those case, the potential of an element corresponds to a unique value.
Then, the electric potential for any electrode vi could be computed by FEM
with the following equation:

ui = fui (x) , (4.17)

where x is the boundary current into the coordinate to the axis, i corresponds
to ith conductor pair.

Then, each electric potential element can be calculated by φ:

ṽiu = φ−1
(
viu
)

= φ−1
(
fviu (xK) , fviu (xM) , fviu (xN)

)
. (4.18)

Moreover, if the voltage is normalized such as the following form:

uin =
uip
uiu
, (4.19)

where uiu is the i
th voltage measurement in terms of the conductivity uniform

distribution such as:

uiu = σu

∫

Ω

grad φiu grad ψ
i
udV, (4.20)
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the by substituting 4.20 into 4.19 it turns into:

uiu =
−
∫

Ω
σ̃p grad ψu grad φudV

σu
∫

Ω
grad φiu grad ψiudV

, (4.21)

in this case the electric potential corresponds to a measurement in at the
boundary, being:

ṽiu = uiu. (4.22)

Actually,

φ−1
(
fviu (xK) , fviu (xM) , fviu (xN)

)
=

−
∫

Ω
σ̃p∇ψu · ∇φudV

σu
∫

Ω
grad φiu grad ψiudV

(4.23)

where σu is constant in terms of the distribution, so its normalized form is:

σ̃n =
σ̃p
σ̃u
. (4.24)

Rewriting the last equation:

φ−1
(
fviu (xK) , fviu (xM) , fviu (xN)

)
=
−
∫

Ω
σ̃n∇ψu · ∇φudV∫

Ω
grad φiu grad ψiudV

. (4.25)

Using the (4.25) should be rewritten in a matrix form such as:

Φ−1un = GS−1σ̃ (4.26)

where Φ is the element projection and S is the sensitivity matrix whose
coe�cients are given for;

Sij = −
∫

Ωj

grad φiu grad ψ
i
udV, (4.27)

indeed, the diagonal matrix G is di�erent to zero, such as:

Gii =

∫

Ω

grad φiu grad ψ
i
udV. (4.28)

Summarising up, when the equation (4.26) is solved, the distribution
could be constructed into a normalize conductivity.
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4.2.2.2 Methodology

In case, in which the conductivity σ distribution is unknown, and the electric
potential u is given at the boundary. The methodology is the following one:

1. Using the electric potential u|Γ.

2. Calculating the inverse problem by using FEM with the backprojection
model.

3. Employing the conductivity σ approximated. The NPSM takes places
to approximate the solution.

4. The solution is compared with the Lebesgue measure and the image
quality assessments.

The designed hybrid method employs the approximation to the forward
and inverse problem, but this solution depends on the initial conditions.
In this case, the conductivity σ distribution is unknown and the goal is to
compute this one. Then, the �rst hybrid method is useless. However, the
second hybrid method is used instead to compute this solution.

In this case, an EIT phantom that is data acquisition system use small
electrodes equidistantly located at the boundary of any body. Then, small
voltages are introduced by means of these electrodes. Furthermore, this phan-
tom registered the electric potential u|Γ at the boundary.

Hence, this electric potential u is employed in the hybrid method to com-
pute an approximation. The real-measurements are given by the University of
Götingen in Germany, and the phantom that they used to obtain this electric
potential is the �Applied Potential Tomography System Mark I�. This device
employs 16 electrodes located at the boundary of a body (see e.g. [37]).

4.2.2.3 Simulations

According to [96] and [37], using the generalize backprojection model, the
approximations of real measurements for �ve-controlled hogs are improved.

In this case, the main domain considered is the perimeter of the hog-
thorax. Moreover, the measurements in the boundary are known, and the
exact position of the electrodes at the boundary. However, the conductivity
inside the domain is unknown. In addition, these �ve controlled porcine lab-
oratory subjects are injured with acid, it was introduced in the lungs of the
subjects and monitored to obtain the approximation.
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Table 4.15: Five controlled porcine laboratory subjects with left lung injured
by acid [37].

1 2 3 4 5

Control

Left Lung
Injury

The approximations are illustrated in the table 4.15. These approxima-
tions are performed using FEM together with a backprojection model. In
this table, the �rst image is an example of a thorax, and the approximations
that are shown in a unitary disk domain are the approximation for the �ve-
controlled animals. The other approximation that is exposed into the table
are the injured subjects.

Summarizing up the table 4.15, these approximations are shown without
the image quality assessments, because the conductivity image distribution
σ is not given to make this comparison. All these ten approximations are
similar to the images that the tested work exposes (see e.g. [37]).

Hence, for the further simulation data to be approached, these images are
going to be considered as the original conductivity distribution. Furthermore,
the employing of the hybrid methods are restricted to the knowledge of the
forward problem. For this reason, the �rst hybrid method can be employed
but the solution could not be possible achieved.
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Table 4.16: Real approximation for the �rst controlled hog image.

Second Hybrid
Method

Gauss-Newton Gauss-Newton
Tikhonov

Approx.

Error

4.2.2.4 First controlled-hog simulation

On the other hand, the approximation doing is performed by the second
hybrid method. These approximations are exposed in the table 4.16.

The table 4.17 illustrates the approximation to the forward problem by
using the Taylor's series in formal powers method.

The table 4.17 exposes the results for the second hybrid method, obtain-
ing and performing a good approximation. Nevertheless, FEM approximates
better the solution of (1.1). In addition, FEM employed for this approxi-
mation is combined with the backprojection model to obtain more accurate
solutions to the inverse problem of (1.1).

In order to proof the robustness of the algorithm 4, the mesh generation
is improved ten times. This improvement could be observed in the table 4.18.
Moreover, for this approximation case, the error is ten times increased.

The table 4.19 illustrates the approximation to the forward problem by
using NPSM.

The table 4.19 exposed the results for the second hybrid method, per-
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Table 4.17: Real approximation for the �rst-controlled hog error assessment
and computing time.

Formal powers
Approximation Approximation

HM2 FEM
N E t E t
10 3.15× 101 200.20 5.48× 10−1 205.50
20 5.43× 101 295.90 4.43× 10−1 315.15
30 4.71× 101 360.08 3.52× 10−1 405.5
40 3.21× 101 595.51 2.59× 10−1 650.99

Table 4.18: Real approximation for the �rst controlled hog image improved
resolution.

Second Hybrid
Method

Gauss-Newton Gauss-Newton
Tikhonov

Approx.

Error
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Table 4.19: Real approximation for the �rst-controlled hog with improved
resolution error assessment and computing time.

Formal powers
Approximation Approximation

HM2 FEM
N E t E t
10 5.51× 10−2 400.20 5.48× 10−2 405.50
20 5.63× 10−2 695.90 4.43× 10−2 615.15
30 5.94× 10−2 860.08 3.52× 10−2 805.5
40 5.28× 10−2 1095.51 2.59× 10−2 1050.99

forming and obtaining a good approximation. However, FEM approximates
better the solution of (1.1). In addition, FEM is combined with the back-
projection model to obtain more accurate solutions to the inverse problem of
(1.1).

4.2.2.5 Second controlled-hog simulation

Similarly to the previous simulation case, the results that table 4.20 exposes,
show the behaviour of the algorithm 4. Furthermore, in this case, another
image is employed to proof that the behaviour is the same. This table shows
the comparison between the hybrid method and the approximation obtained
by the proposed method (see e.g. [37]).

The table 4.21 illustrates the approximation to the forward problem by
using NPSM with an improved mesh.

A modi�cation in the mesh takes place for FEM, in which the resolution
increases considerably. In addition, the table 4.22 shows the approximation
when the mesh is increased 10 times.

The table 4.23 illustrates the approximation to the forward problem by
using NPSM with an improved mesh.

The table 4.23 exposes the results for the second hybrid method, per-
forming a good approximation. Nevertheless, FEM approximates better the
solution of (1.1). Moreover, FEM is combined with the backprojection model
to obtain more accurate solutions to the inverse problem of (1.1).

The behaviour of the method proofs that it can be used, but due to
the initial condition give, the method to be chosen could not be suitable to
perform the task. For all the approximations done in the tables 4.16, 4.18,



114 Chapter 4: Inverse Problem.

Table 4.20: Real approximation for the second controlled hog.

Second Hybrid
Method

Gauss-Newton Gauss-Newton
Tikhonov

Approx.

Error

Table 4.21: Real approximation for the second-controlled hog resolution
error assessment and computing time.

Formal powers
Approximation Approximation

HM2 FEM
N E t E t
10 5.43× 101 200.10 9.80× 10−1 202.50
20 5.19× 101 395.45 9.61× 10−1 315.51
30 4.96× 101 465.22 9.23× 10−1 440.76
40 4.60× 101 595.51 9.01× 10−1 525.99
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Table 4.22: Real approximation for the second controlled hog image im-
proved resolution.

Second Hybrid
Method

Gauss-Newton Gauss-Newton
Tikhonov

Approx.

Error

Table 4.23: Real approximation for the second-controlled hog with improved
resolution error assessment and computing time.

Formal powers
Approximation Approximation

HM2 FEM
N E t E t
10 3.12× 10−2 400.20 5.81× 10−2 405.50
20 3.39× 10−2 695.90 4.32× 10−2 615.15
30 3.46× 10−2 860.08 3.23× 10−2 805.5
40 3.80× 10−2 1095.51 2.94× 10−2 1050.99
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4.20 and 4.22 illustrate the behaviour of the hybrid method.

4.2.2.6 Discussion

As a continuation of the discussion stated for the theoretical cases, when
applying the novel methodology to the pair of examples corresponding to
real measurements. The hybrid method showed up a better convergence than
such reported in the previously published literature employing the same data.
This shall be the strongest argument to sustain the originality and pertinence
of this dissertation.

The hybrid methods that have been developed to approximate the in-
verse problem of EIT, demonstrates it e�ectiveness. However, these methods
depend upon the initial conditions given. In this special case, the �rst hy-
brid method needs the conductivity distribution as initial condition, for this
reason, this method is useless when real-measurements are given.

Nonetheless, the second hybrid method has proven its e�ectiveness, be-
cause it needs the electric potential u|Γ as initial condition to begin the
computation of the inverse problem. However, both methods require FEM to
compute the solution, in comparison with the standard FEM, these hybrid
proposals prove its e�ectiveness to compute the solution.

The importance of this section relies on the possibility to employ real-
measurements to begin and to prove the correct functionality of the method.
The second hybrid method can work with real measurements and compared
with FEM. In this case, the second hybrid method can achieve results by using
the electric potential u given. Moreover, the mesh size is very important to
compute more accurate solutions to this problem.

The comparison made between the second hybrid method and FEM is
not correctly compared due to the lack of a conductivity model. In this case,
the controlled-pig image is used as the original conductivity distribution at
it is compared with the approximation. For this reason, the image quality
assessments and the Lebesgue measure cannot achieve a good comparison.

4.2.2.7 Conclusions

The second hybrid method has proven it e�ectiveness when the mesh is am-
pli�ed achieving a better approximation than the solutions obtained by FEM
with backprojection model. In this case, it is supposed that the best approx-
imation performed demonstrates that FEM and second hybrid method could
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be used to obtain solutions to the inverse problem.
The second hybrid method and FEM depend completely on the mesh

size and for this reason the resolution obtained by both methods could be
considered good. Furthermore, the increment on the mesh provokes that the
computational resources increase considerably. Taking into consideration the
computational resources, the computing-time to calculate the approximation
increases too.

One possibility to decrease the computing-time is the parallel computing,
but due to the high recursivity in the methods employed makes this possi-
bility impossible. Furthermore, NPSM can be parallelized in some functions
making the process faster and preserving its accuracy.

For this reason, it is important to begin a study and to design a method
that uses NPSM to solve the inverse problem by itself. The hybrid method
helps to understand the behaviour of this di�cult problem to develop a
method to use real-measurements and NPSM to achieve an better approxi-
mation.
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Chapter 5

General conclusions

The main of this work is to study of State-of-The-Art techniques of the
Electrical Impedance Tomography, to found and design a novel and e�ective
approach in this are, where the solutions to the forward and inverse problems
can be constructed with a higher degree of accuracy.

The Finite-Element Method (FEM) is a technique able to obtain accurate
and e�ective solutions to the forward and inverse problems. Nonetheless, the
maximum resolution and precision that FEM can achieve depends strongly
upon the mesh size.

The recon�guration of the mesh consumes considerable resources, thus
the computational time becomes too long, without mentioning that the very
nature of the FEM does not allow the application of parallel computing algo-
rithms. Furthermore, the use of geometrical �gures possessing edges or non-
smooth boundaries, represents a very hard task for FEM. Therefore, in many
cases the EIT technique cannot be considered a standard Medical Imaging
method, and cannot be applied in more general practical applications.

On the other hand, the Taylor's series in formal powers' method (NPSM),
which is performed in this work with the purpose of approximating the for-
ward problem of the electrical impedance equation, turns out to be more
e�cient and accurate than FEM. One drawback of mentioned method is
that the stability possesses by NPSM is low. In this dissertation, we resolved
this disadvantage incorporating the Tikhonov's regularisation into the basic
scheme of NPSM approach, �nally obtaining a stable solution.

Both methods FEM and, NPSM use dramatic computer resources to per-
form good approximation. However, NPSM method can be parallelized in
order to obtain faster solutions. Modi�ed regularised NPSM method has

119



120 Chapter 5: General Conclusions.

been used as a principal component in designing a novel hybrid approach for
EIT problem, resulting in better approximation for the inverse problem.

We proposed two hybrid structures where the NPSM and FEM are used
together and can be adapted according to the given initial conditions for the
inverse problem. The drawback of the �rst proposed hybrid method is that
it requires necessarily the conductivity distribution to begin the calculation;
in opposite, the advantage is in low computing charges when the estimated
solution of the forward problem is used in the inverse problem.

The second proposed hybrid method employs the electric potential at
beginning and it runs slowly where a stop criterion is used to �nish the
calculations. The drawback of this method is the high computing charges
but in change it has ability to perform better approximation in comparison
with FEM.

Also, the FEM is a slower process and it principally cannot be parallelized
in opposite to our NPSM technique. The disadvantage of the FEM method
is the mesh performing, because if the solutions need to be more accurate
the mesh should be bigger.

Two variants of the proposal designed in this dissertation appear to
demonstrate better approximations in the inverse problem for the electrical
impedance equation proving their computational e�ciency and reconstruc-
tion accuracy. The accuracy of the proposed approach was investigated using
the quality image assessments, in particularly employing commonly used cri-
teria: PSNR, MSE, SSIM, and via subjective perception analysis, exposing
error images of conductivity reconstructed.

Let also note that FEM should not be discarded, because this method can
perform better when the discretization model is changed. An additional ad-
vantage of novel hybrid approach, presented in this dissertation, is that it can
be adapted in order to use real-physic measurements in conductivity recon-
structions, proving it higher accuracy in practical application in comparison
with the State-of-the-Art methods.

It has been demonstrated that the second hybrid method performs better
quality reconstruction results using real medical measurements in comparison
with FEM method, justifying this in form of objective criteria (PSNR and
SSIM) as well as in subjective perception.

Finally, the principal contributions of this dissertation are:

1. We have designed a novel method in resolving forward problem in Elec-
trical Impedance Tomography that uses a Taylor's series in formal pow-
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ers approach with Tikhonov's regularization modi�cation.

2. A novel approach to solve the inverse problem is introduced in this
work. This approach is developed in form of two hybrid frameworks
employing together the NPSM and FEM methods and optimizing them
via a regularization procedure. Novel procedures con�rmed their e�-
ciency in comparison with State-of-the Art methods.

3. Novel techniques have been used to reconstruct the conductivity in EIT
using real medical data, demonstrating better stability, accuracy and
speed that basic FEM method.

5.1 Future work

Future work can be devoted to:

1. Design of a method for the EIT problem based strictly on the Pseudo-
analytic Function Theory.

2. A new characterization that can be done regardless the domain shape.

3. Possibility to generalize the proposed hybrid method in the 3D EIT
model.

4. Designing of a data-acquisition system to prove the developed methods.

5. Using parallel-computing to optimize computation charges in the de-
signed techniques.
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The electrical impedance equation is considered an ill-posed problem where the solution to the forward problem is more easy to
achieve than the inverse problem.Thiswork tries to improve convergence in the forward problemmethod,where the Pseudoanalytic
FunctionTheory by means of the Taylor series in formal powers is used, incorporating a regularization method to make a solution
more stable and to obtain better convergence. In addition, we include a comparison between the designed algorithms that perform
proposed method with and without a regularization process and the autoadjustment parameter for this regularization process.

1. Introduction

The electrical impedance tomography (EIT) problem, which
is set by employing the electrical impedance equation, was
mathematically posed by Calderon [1] in 1980 proving that
the solution of this problem exists as being unique and steady.
This problem is exemplified by the following equation:

div (𝜎 grad 𝑢) = 0, (1)

where𝜎 represents the conductivity and𝑢denotes the electric
potential for a domainΩ within a boundary Γ.

This equation is considered ill-posed problem, due to
its high complexity to find a solution in terms of the
initial data; it means that every variation in the input
data can approximate in different way the solution to this
problem. Therefore, if a measurement presents any variation
or noise, this variation presents difficulty to obtain good
approximation; for example, when the finite element method
is employed in noise presence in the electrodes, we need
to introduce an extra process to correct this fault or the
approximation could not be reached.

Some methods should be employed to correct these
perturbations present advantages and disadvantages, such as

a regularization method that permits to suppress the noise in
the measurements. Due to this problem and the continuous
advances in the field, the EIT is not considered a practical
medical imaging procedure.

Employing (1), we can approach two types of problems;
in the first one, the conductivity 𝜎 value is known and the
task is to approximate the electric potential in the boundary
𝑢|
Γ
. This problem is known as forward Dirichlet boundary

value problem; it is also known as nonhomogeneous Laplace
equation. For the second problem, the value of the electric
potential in the boundary𝑢|

Γ
is known, but the conductivity𝜎

within the domainΩ is unknown; this problem is formulated
as inverse Dirichlet boundary value problem or electrical
impedance tomography problem [2].

TheEITwas considered very unsteady, as well as ill-posed
problem [2], but, in 2009, Kravchenko [3] and, independently
in 2006, Astala and Päivärinta [4] noticed for first time
that the two-dimensional case was completely equivalent to
special case of Vekua equation [5].

There exist several assortment methods that try to solve
forward and inverse problem for (1), where the best mathe-
matical tool to approximate the solution for both problems
by now is the finite element method (FEM). It proves to be

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 964081, 13 pages
http://dx.doi.org/10.1155/2014/964081
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stable and easy to employ, but it presents a difficulty when
it computes the approximation; this difficulty is presented in
the initial data and the variations on it [2].

The existence of different techniques and methods to
reach a solution of inverse problems, in which the solutions
are interpreted in terms of linear operators [6], permits
analysing and studying inverse problems in order to find a
solution. Other works employ the connection between pseu-
doholomorphic functions and conjugate Beltrami equations
to deduce the well-posedness on smooth domains of the
Dirichlet problem for 2D isotropic conductivity equations
[7]. There exists a theory of conjugate functions to solve
Dirichlet andNeumann problems for conductivity equations,
in which they consider some density properties to trace
solutions with a boundary approximation issues [8].

All these works contribute to analysing and reaching a
solution to the forward problem and continuing working
on the solution to the inverse problem of the electrical
conductivity equation. Employing all these techniques and
analysis the study of the forward problem could help to find
a solution to the inverse problem, but the study to be done
should be extensive and incorporate different techniques and
methods proposed by the different authors.

For the correct understanding of the inverse problem,
first, we need to analyse and study the forward problem, to
determinate how the energy propagates within the domain;
with the collected datawe can determine that the convergence
and the performance will be very important to design a
method that can be employed in the medical imaging in a
future.

In this study, themain purpose is to analyse the behaviour
of the algorithm based on the Pseudoanalytic Function The-
ory, which applies the Taylor series in formal powers as the
support, proposing additionally to employ a regularization
process to improve the stability. The results obtained are
comparedwith the results presented in previous paper [9, 10],
in order to analyse the improvement or decrement in the
convergence due to the method designed.

The remainder of this paper is organized as follows.
Section 2 shows the mathematical tools for the electrical
impedance equation; in Section 3, themethodology that con-
tains the main idea of the algorithm is presented; following, a
brief review of regularization procedure employed to design
this algorithm is explained; Sections 4 and 5 show several
experiments to compare the results and a discussion about
this comparison; finally Section 6 expresses the conclusions
about the behaviour of the novel method and discusses a
future work.

2. Electrical Impedance Equation

2.1. Preliminaries. Employing the Pseudoanalytic Function
Theory [11], let us consider a pair of complex valued functions
(𝐹, 𝐺) that fulfills the condition

Im (𝐹𝐺) > 0. (2)

For (2), we have 𝐹 = Re(𝐹) − 𝑖 Im𝐹 complex conjugation of
𝐹, and 𝑖2 = −1 is the imaginary standard unit.

Then, any complex function𝑊 can be represented by the
linear conjugation of 𝐹 and 𝐺:

𝑊 = 𝜙𝐹 + 𝜓𝐺, (3)

where 𝜙 and 𝜓 are indeed real valued functions. Therefore,
the pair (𝐹, 𝐺) is called generating pair. Following the Pseudo-
analytic Function Theory posed by Bers [11], it is possible to
introduce the derivative and antiderivative form of a complex
valued function 𝑤, which can be reviewed in the mentioned
work.

Let us suppose (𝐹, 𝐺) generating pair with the form

𝐹 = 𝑝, 𝐺 =
𝑖

𝑝
, (4)

where 𝑝 is a nonvanishing function within a domain Ω(R2).
Then considering this (𝐹, 𝐺) generating pair with a 𝑝 separa-
ble variable function within the domain,

𝑝 (𝑥, 𝑦) = 𝑝
1 (𝑥) ⋅ 𝑝2 (𝑦) ; 𝑥, 𝑦 ∈ R. (5)

Thereby (𝐹, 𝐺) is embedded into a periodic sequence, in
which for an𝑚 even the generating pair are

𝐹
𝑚
=
𝑝
2
(𝑦)

𝑝
1 (𝑥)

, 𝐺
𝑚
= 𝑖

𝑝
1 (𝑥)

𝑝
2
(𝑦)

; (6)

and for the odd generating pair the forms are

𝐹
𝑚
= 𝑝
1 (𝑥) ⋅ 𝑝2 (𝑦) , 𝐺

𝑚
= 𝑖 (𝑝

1 (𝑥) ⋅ 𝑝2 (𝑦))
−1
. (7)

Consider the formal powers 𝑍0
𝑚
(𝑎
0
, 𝑧
0
; 𝑍), associated

with a (𝐹
𝑚
, 𝐺
𝑚
) generating pair, with the formal degree 0,

complex constant coefficient 𝑎
0
, and center 𝑧

0
, and depending

upon𝑍 = 𝑥+𝑖𝑦, are defined in agreement with the expression

𝑍(0)
𝑚

(𝑎
0
, 𝑧
0
; 𝑧) = 𝜆𝐹

𝑚 (𝑧) + 𝜇𝐺
𝑚 (𝑧) , (8)

where 𝜆 and 𝑚𝑢 are complex constants which fulfills the
condition

𝜆𝐹
𝑚
(𝑧
0
) + 𝜇𝐺

𝑚
(𝑧
0
) = 𝑎
0
. (9)

Now, let us suppose 𝑊 to be a (𝐹
𝑚
, 𝐺
𝑚
)-pseudoanalytic

function. Thus, we can express it in terms of the so-called
Taylor series in formal powers:

𝑊 =
∞

∑
𝑛=0

𝑍(𝑛)
𝑚

(𝑎
0
, 𝑧
0
; 𝑧) . (10)

Since every (𝐹, 𝐺)-pseudoanalytic function 𝑊 accepts this
expansion, the last equation is an analytic representation of
the general solution for the Vekua equation.

Consider the two-dimensional case of the electric
impedance equation (1), and suppose that the conductivity
𝜎 function can be expressed in terms of a separable variable
function; it follows that

𝜎 (𝑥, 𝑦) = 𝜎
1 (𝑥) ⋅ 𝜎2 (𝑦) . (11)
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Introducing the notations

𝑊 = √𝜎 ⋅ (𝜕
𝑥
𝑢 − 𝜕
𝑦
𝑢) ,

𝑝 = √𝜎
1 (𝑥)
−1 𝜎
2
(𝑦),

(12)

where 𝜕
𝑥
= 𝜕/𝜕

𝑥
and 𝜕

𝑦
= 𝜕/𝜕

𝑦
, then (1) turns into special

case of Vekua equation with the form

𝜕
𝑧
𝑊−

𝜕
𝑧
𝑝

𝑝
𝑊 = 0, (13)

where 𝜕
𝑧
= 𝜕
𝑥
− 𝑖𝜕
𝑦
and 𝑖2 = −1 for the standard imaginary

unit.
Employing the last statement presented in (13), we have

to introduce some expressions that were presented in the
Pseudoanalytic FunctionTheory [3] and in assortment works
[9, 10, 12], explaining the mathematical basis of the Taylor
series in formal powers:

𝑊 =
∞

∑
𝑛=0

𝑍(𝑛)
𝑚

(𝑎
𝑛
, 𝑧
0
; 𝑧) ;

𝑎
𝑛
=

1

𝑛!
𝜕(𝑛)
(𝐹
𝑚
,𝐺
𝑚
)
𝑊(z
0
) .

(14)

Equation (14) was proved in [11], showing that any
(𝐹
𝑚
, 𝐺
𝑚
)-pseudoanalytic function can be represented in Tay-

lor series in formal powers. So, from this point of view, (14)
is an analytical representation of the general solution of the
Vekua equation (13).

In (14), we used the Pseudoanalytic Function Theory to
approximate the special case of Vekua equation in Taylor
series in formal powers, where we can read in the last
statement that it has a center in 𝑧

𝑛
, depending upon 𝑧 and

approximating the coefficient 𝑎
𝑛
, like a Taylor series.

For this case, we also remember that Taylor series in
formal powers are performed by introducing a generating
pair (𝐹

𝑚
, 𝐺
𝑚
) and the real constants 𝜆

𝑚
and 𝜇
𝑚
that fulfill the

condition presented before in (9) for the expression (8).
The admittance of the integral was also introduced in [11],

taking place when the next notation is written according the
recursive formula:

𝑍(𝑛+1)
𝑚+1

(𝑎
𝑛+1

, 𝑧
0
; 𝑧) = (𝑛 + 1) ∫

𝑧

𝑧
0

𝑍(𝑛)
𝑚

(𝑎
0
, 𝑧
0
; 𝑧) 𝑑
(𝐹
𝑚
,𝐺
𝑚
)
𝑧,

(15)

where (15) is employed to approximate higher exponents of
the formal powers.

Employing the structure of (8), (9), and (15), the special
case ofVekua equation presented in (13) can be approached by
the next statement introducing the factors from (14) to (16),
obtaining the next equation:

∫
𝑧

𝑧
0

𝑊𝑑
(𝐹
𝑚
,𝐺
𝑚
)
𝑧 = 𝐹
𝑚
Re∫
𝑧

𝑧
0

𝐺∗
𝑚
𝑊𝑑𝑧 + 𝐺

𝑚
Re∫
𝑧

𝑧
0

𝐹∗
𝑚
𝑊𝑑𝑧.

𝐹
𝑚
= 𝑝; 𝐺

𝑚
=

𝑖

𝑝
; 𝑝 = 𝑝

1 (𝑥) ⋅ 𝑝2 (𝑦) ; 𝑝 = √𝜎.

(16)

Equation (16) is the definition of a (𝐹, 𝐺)-integral of
a complex valued function 𝑊. Specifically, since (𝐹

𝑚
, 𝐺
𝑚
)-

integral of the (𝐹
𝑚
, 𝐺
𝑚
)-derivative of𝑊 reaches

∫
𝑧

𝑧
0

𝜕
(𝐹
0
,𝐺
0
)
𝑊𝑑
(𝐹
0
,𝐺
0
)
𝑧 = 𝑊 − 𝜙 (𝑧

0
) 𝐹
0
− 𝜓 (𝑧

0
) 𝐺
0
, (17)

taking into account that

𝜕
(𝐹
0
,𝐺
0
)
𝐹
0
= 𝜕
(𝐹
0
,𝐺
0
)
𝐺
0
= 0, (18)

the integral expression (17) can be considered the (𝐹
0
, 𝐺
0
)-

antiderivative of the function 𝜕
(𝐹
0
,𝐺
0
)
𝑊.

For the correct approximation of the electric potential
𝑢|
Γ
for (1), using the Taylor series in formal powers, let us

note that this electric potential can be found by the next
statements:

𝑢𝑛 (1, 0; 𝑧) = Re𝑍(𝑛)
𝑚

(1, 0; 𝑧)
󵄨󵄨󵄨󵄨󵄨Γ ;

𝑢𝑛 (𝑖, 0; 𝑧) = Re𝑍(𝑛)
𝑚

(𝑖, 0; 𝑧)
󵄨󵄨󵄨󵄨󵄨Γ .

(19)

In this case, if the boundary condition 𝑢|
Γ
is provided by

(19), we can always approximate asymptotically the experi-
mental electric potential 𝑢|app by the next expression:

𝑢app = lim
𝑁→∞

𝑁

∑
𝑛=0

(𝛼
𝑛
𝑢𝑛 (1, 0; 𝑧) + 𝛽

𝑛
𝑢𝑛 (𝑖, 0; 𝑧)) , (20)

where 𝛼
𝑛
and 𝛽

𝑛
are real numbers.This procedure has proven

its effectiveness in assortment works [9, 10, 12], where the
numerical approximation achieved highly accurate results.

The analysis of the problem can include samples in
piecewise and nonpiecewise separable variable functions for
the conductivity 𝜎; to understand this situation we have to
employ the conjecture exposed in [10].

Conjecture 1. Suppose a 𝜎 arbitrary conductivity function
defined within a bounded domain Ω(R2). This function can
be approximated by means of a piecewise separable variables
function in the form

𝜎
𝑝𝑤

=

{{{{{{{{{{
{{{{{{{{{{
{

𝑥 + 𝑔

(𝜌
1
− 𝜌
0
) + 𝑔

⋅ 𝑓
1
(𝑦) , 𝑥 ∈ [𝜌

0
, 𝜌
1
) ;

𝑥 + 𝑔

(𝜌
2
− 𝜌
1
) + 𝑔

⋅ 𝑓
2
(𝑦) , 𝑥 ∈ [𝜌

1
, 𝜌
2
) ;

...
...

𝑥 + 𝑔

(𝜌
𝐾
− 𝜌
𝐾−1

) + 𝑔
⋅ 𝑓
𝐾
(𝑦) , 𝑥 ∈ [𝜌

𝐾−1
, 𝜌
𝐾
) ;

(21)

here 𝑔 is a real constant such that 𝑥 + 𝑔 ̸= 0 : 𝑥 ∈ Ω(R2) and
{𝑓
𝑘
}𝐾
𝑘=1

are the constructed interpolation functions with a finite
number of samplesM of the conductivity function 𝜎, valued in
the 𝑦-axis that is parallel line within the subdomainΩ, created
by tracing {𝜌}𝐾

𝑘=0
parallel lines.

These piecewise separable variable functions can be
employed for numerically approximating the set of formal
powers.



4 Mathematical Problems in Engineering

Proposition 2. Consider an arbitrary conductivity function 𝜎
defined within a domain Ω(R2). It can be considered the lim-
iting case of a piecewise separable variables function, expressed
in the form of the Conjecture (21), when𝐾 subdomains andM
number of samples are every subdomain tending to infinity:

lim
𝐾,M→∞

𝜎
𝑝𝑤

= 𝜎. (22)

A regularization process is needed to increase the pre-
cision of the algorithm and obtain a better solution to be
analysed for further research in the inverse problem; in
the next section we introduce a simple idea to employ a
regularization process in the Taylor series in formal powers
and iterative method using this idea to improve the results,
or at least to obtain a better convergence.

2.2. Regularization Process. Regularization methods are
employed in many fields, introducing additional information
with the purpose to solve ill-posed problems. Also, they are
employed to prevent overfitting and are usually presented
in form of penalty for complexity, such as restrictions for
smoothness or bounds in the space norm for a vector. In
particular case, the including of these methods to the algo-
rithm designed to compute a solution for inverse problems is
essential to fitting the data in order to reduce a norm of the
solution.

For current problem, the imposed electric potential 𝑢|
Γ

represents a finite number of current densities 𝑗
𝑘
|𝑚
𝑘=0

for a
domain Ω with a boundary Γ and the knowledge of the
Neumann-Dirichlet map [13] where

div (𝜎 grad 𝑢) = 0, 𝜎𝜕
Γ
𝑢 = 𝑗. (23)

Remember the notations introduced before in (1); we
know that 𝜎 represents the conductivity and 𝑢 denotes the
electric potential in the electric conductivity equation, where
𝜕
Γ
𝑢 = 𝜕𝑢/𝜕

Γ
, being all the values of the electric potential 𝑢 in

the boundary domain Γ, and 𝑗 is the current density.
For the forward Dirichlet boundary problem, we know

the value of the conductivity 𝜎 but the electric potential 𝑢|
Γ
is

unknown. In this work, the electric potential 𝑢|
Γ
is imposed,

and, for the purpose of this paper, the approximation of
an experimental value 𝑢 is computed comparing the results
by means of the Lebesgue measure and determining if the
method employed is being corrected [14].

The Tikhonov regularization process can be presented in
such form

min
𝑥

(‖𝐴𝑥 − 𝑏‖2 + 𝛾2 ‖𝑥‖2) , (24)

where ‖ ⋅ ‖ denotes the 𝐿
2
norm, 𝐴 can be a square matrix or

a matrix of 𝑟 × 𝑠 dimension, 𝑏 denotes a vector with 𝑟 rows, 𝛾
is the regularization parameter, and the problem turns into a
minimization of the parameter 𝑥.

Algorithm 1, which we propose in this study, is based on
the Pseudoanalytic Function Theory, employing the Taylor
series in formal powers, and it approximates the forward
Dirichlet boundary value problem for (1), by means of 𝑆 total
number of radii,𝑁maximum number of formal powers, and
𝐾 total number of points.

(1) 𝑆 ← 500;𝑁 ← 20; 𝐾 + 1 ← 501;
(2) while 𝑠 = 1 → 𝑆
(3) while 𝑛 = 1 → 𝑁
(4) while 𝑘 = 0 → 𝐾
(5) 𝑍(𝑛+1)[𝑘] = B [𝑍(𝑛)[𝑘]];
(6) Function 𝑂𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛
(7) Classical Gram-Schmidt Orthonormalization Process
(8) Function R𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛
(9) Tikhonov Regularization Process
(10) Function 𝐴𝑝𝑝𝑟𝑜𝑎𝑐ℎ 𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛

(11) 𝑢app =
𝑁

∑
𝑛=0

(𝛼
𝑛
𝑢(𝑛) (1, 0, 𝑧) + 𝛽

𝑛
𝑢(𝑛) (𝑖, 0, 𝑧));

(12) Function 𝑆𝑎V𝑒 𝑂𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙 𝑆𝑦𝑡𝑒𝑚;
(13) Function 𝑆𝑎V𝑒 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠;

Algorithm 1: Boundary value with regularization approximation.

Thus, (24) has an explicit solution expressed as follows:

𝑥 = (𝐴𝑇𝐴 + 𝛾2𝐼)
−1

𝐴𝑇𝑏, (25)

where 𝐼 is the identity matrix with the same dimension of
matrix 𝐴, the regularization parameter 𝛾 > 0, in this case
𝐴 = 𝑍(𝑛+1)[𝑘] represents the orthonormalized system, which
is the result of the formal powers employing the conductivity
𝜎 and the imposed boundary condition, and 𝑏 is the electric
potential 𝑢|

Γ
. The main problem is to choose the correct

parameter 𝛾, which approximates the solution for (25).
To choose a parameter 𝛾, the next expression should be

used:

𝛾 =
𝑚

∑
𝑘=1

𝐴𝑇
𝑘𝑘
𝐴
𝑘𝑘

𝑢𝑇
𝑘
⋅ 𝑢
𝑘

, (26)

where 𝐴, as it was mentioned before, is the orthonormal-
ized Taylor series in formal powers and 𝑢 represents the
electric potential [15]. We employ this regularization process
to understand the behaviour of the problem leaving for
the next section the methodology of the main process for
approximation of the solution.

3. Procedure

The main goal is to develop an effective stable method,
which let us to obtain better approximations for the forward
problem by the employment of a regularization procedure for
better convergence. The results obtained will be analysed in
order to understand the problem presented in (1).

For this analysis, to find the forward Dirichlet boundary
value problem using the methodology shown before, we use
the algorithm from [9, 10]; as a result we obtain an accurate
solution with a lower computer cost.

The principal difficulty, when the algorithm is being
employed, lies in the instability of the method when the
approximations are taking place. So, in order to improve the
convergence of the result, a regularization process is included
in the approximation process.



Mathematical Problems in Engineering 5

(1) 𝑆 ← 500;𝑁 ← 20; 𝐾 + 1 ← 501;
(2) while 𝑠 = 1 → 𝑆
(3) while 𝑛 = 1 → 𝑁
(4) while 𝑘 = 0 → 𝐾
(5) 𝑍(𝑛+1)[𝑘] = B [𝑍(𝑛)[𝑘]];
(6) while 𝛾 > 𝛾

𝑒

(7) Function 𝑂𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛
(8) Classical Gram-Schmidt Orthonormalization Process
(9) Function 𝑅𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛
(10) Tikhonov Regularization Process
(11) Function 𝐴𝑝𝑝𝑟𝑜𝑎𝑐ℎ 𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛

(12) 𝑢app =
𝑁

∑
𝑛=0

(𝛼
𝑛
𝑢(𝑛) (1, 0, 𝑧) + 𝛽

𝑛
𝑢(𝑛) (𝑖, 0, 𝑧));

(13) 𝛾
𝑒
=
𝑚

∑
𝑘=1

𝐴𝑇
𝑘𝑘
𝐴
𝑘𝑘

𝑢𝑇app𝑢app
;

(14) Function 𝑆𝑎V𝑒 𝑂𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙 𝑆𝑦𝑡𝑒𝑚;
(15) Function 𝑆𝑎V𝑒 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠;

Algorithm 2: Boundary value with autoadjustment regularization approximation.

A procedure for the approximation consists of the follow-
ing.

(1) Choose a domain.
(2) Select a conductivity.
(3) Apply Taylor series in formal powers approximation.
(4) Apply regularization process.
(5) Perform the computation of the electric potential.
First, a domain should be chosen, employingAlgorithm 1.

According to [9], there can be used smooth and nonsmooth
domains, below; to analyse the results a unitary disk domain
is chosen. Then, a conductivity function has to be chosen,
and, in this study, the conductivity function is taken from
the mathematical analysis and geometrical distribution; both
cases are within the domainΩ.

Once the domainΩ and the conductivity function sigma
are selected, the process continues by selecting the 𝑁 max-
imum number of formal powers, 𝑆 number of radii. and 𝐾
number of points per radius, the approximation of the Taylor
series in formal powers is performed, and the result obtained
from this process should pass through the algorithm to the
Gram-Schmidt orthonormalization method.

In this part of the procedure, the boundary solution can
be computed, but we propose to modernize the procedure
using a regularization method, in order to obtain better
convergence of the method. Figure 1(a) shows graphically the
procedure explained before.

The main idea is to confirm that novel regularized
algorithm is able to compute more stable solution for the
electric potential in the boundary and to express numerically
the convergence of the method.

Additionally, we propose a modification of the explained
algorithm where an autoadjustment should be performed
before the error estimation process. Here, we use itera-
tive scheme that can estimate the regularization parameter
improving the convergence property of the algorithm.

Figure 2 illustrates the diagram of the algorithm pro-
posed. The procedure analyses the convergence and the
stability when an automatic adjustment takes place.

The modification made to Algorithm 1 presents a condi-
tion that should be satisfied, presenting an iterative method
to approximate the solution of (1). In this algorithm, the
condition is the same as presented before in (26), where the𝑢

𝑘

in the iterative algorithm is the approximation of the electric
potential 𝑢app, as it is exposed in Algorithm 2. This autoad-
justment introduced in the algorithm computes the solution
of the forward problem increasing the computational cost but
permits obtaining a better solution that is more stable and
convergent.

Applying Algorithms 1 and 2 shown above, we perform
the numerical experiments using mathematical expressions,
such as exponential and sinusoidal function, and geometrical
distributions such as disk center, and five disks’ structure at
the center.

This set of examples gives us a full perspective of the
behaviour of themethod, becausewe employed some samples
to analyse the convergence of the method and then make
experiments with the geometric distributions to analyse the
results that are reviewed in the next section.

The examples investigated in the next section are
designed to compare the results when a regularization
method is used in the process versus the actual method,
which does not employ a regularization procedure.

4. Results

As it is exposed in the works [9, 10], the possibility to
employ geometrical distributions functions and mathemati-
cal expression in the algorithm, which use the Taylor series
in formal powers, let us analyse the electrical impedance
equation (1), emphasizing the possibility to approximate the
forward problem to this equation.
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(a) Methodology to compute the forward problem approximation
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(c) Tikhonov and error estimation blocks

Figure 1: Methodology to compute the forward problem approximation.

Applying this analysis, we used an exponential and
sinusoidal function coming from the mathematical analysis,
circle at center, and the five disks’ structure at center geo-
metrical distributions. These cases are computed within the
domain, and the results of the approximation are passed to
regularization process in order to analyse the approximation
and stability of themethod, obtaining the electric potential in
the boundary.

The solution for error, in order to analyse behaviour of the
solution, is used in form of the Lebesgue measure

E = (∫
2𝜋

0

(𝑢|
Γ
− 𝑢app)

2

𝑑𝑙)
1/2

, (27)

where 𝑢|
Γ
is the imposed boundary condition and 𝑢app

denotes the approximation by using the original algorithm
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Figure 2: Methodology to compute the forward problem approximation employing autoadjustment regularization.

and the new modification employing the regularization
process of everything within the unitary disk. We show the
results in tables to compare and analyse the results obtained
by these methods.

The next sections show the results for analytical and
geometrical cases, in which the analytical cases are represen-
tatives due to the consideration of nonseparable conductivity
functions in which the results can be achieved; for the
geometrical case, the conductivity employed does not possess
a boundary condition, imposing an artificial condition to
compare the results and determine the accuracy of the
method.

4.1. Exponential Conductivity Function. Let us use conductiv-
ity function, which fulfills (12) and possesses the form

𝜎 = 𝑒−𝜇𝑥𝑦, (28)

and this expression is shown in Figure 3(a), and for the
boundary condition the expression to be imposed is

𝑢 = 𝑒𝜇𝑥𝑦, (29)

where 𝜇 denotes the coefficient employed to change the
behaviour of the function employed.

Table 1 expresses the behaviour when the 𝜇 coefficient
increases and demonstrates the stability property of the
method in two cases when the regularization method is
employed and when this regularization process is not used.

The results in Table 1 show the known behaviour; mean-
while the number of formal powers increases and the error
decreases, demonstrating a better convergence when the
regularization method is employed.

The comparison between two algorithms that use the reg-
ularization procedure with and without the autoadjustment
algorithms has been proved, the convergence and stability
in the autoadjustment procedure being better than for com-
parison methods, but the computational cost considerably
increases due to the iterative procedure performed.

This comparison is presented in Figure 3(b); in this
graphic the three methods show the behaviour of the
expression and in this case all methods reached a good
approximation; since the three methods possess a low error,
the difference can not be appreciated in the graphic matter,
but Table 1 resumes correctly the full error analysis between
all the methods.

4.2. Sinusoidal Conductivity Function. Let us employ a con-
ductivity function, with the form

𝜎 = 1 + sin (𝜇𝑥𝑦) . (30)

Figure 4(a) shows the expression within the unit disk, and,
imposing a boundary condition,

𝑢 =
1

tan (𝜇𝑥𝑦/2) + 1
, (31)
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Figure 3: (a) Exponential conductivity function. (b) Comparison.
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Figure 4: (a) Sinusoidal conductivity function. (b) Comparison.

where 𝜇 denotes the coefficient used to change the behaviour
of the function employed.

Table 2 shows the behaviour of the method when the 𝜇
coefficient increases its value, including the simulation with
and without the regularization process.

The results in this case are better with a regularization
procedure; due to the conductivity that presents so many
vibrations in the domain, the algorithm tries to reach a
solution but its behaviour is bad; differently, when the
regularization process is introduced, the results expose better
performance because the perturbations or vibrations within

the domain are smoothed and it is more easy to compute an
approximation to (1).

In comparison with the other methods, the behaviour of
the proposed algorithms is similar: usingmore formal powers
the error is decreased and by the employing a regularization
method the stability and convergence are improved consider-
ably, but due to the iterative method used the computational
cost is increased.

In Figure 3(b), the behaviour of all methods is shown; in
this case the approximation can be appreciated because of the
values of its error; for this case, the error can be analysed in
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Figure 5: (a) Disk at center conductivity function, 𝜎
1
= 100; 𝜎

2
= 10. (b) Comparison.

Table 1: Exponential conductivity function 𝜎 = 𝑒−𝜇𝑥𝑦.

𝑁 𝑆 𝐾 𝜇 E

NPSM
E

NPSM-Tikhonov

E

NPSM-Tikhonov
autoadjustment

20 500 500 10 7.9269 × 10−4 4.3572 × 10−7 9.5152 × 10−9

40 500 500 10 1.2168 × 10−12 3.2525 × 10−7 9.4462 × 10−9

60 500 500 10 9.9732 × 10−13 3.0521 × 10−7 9.4187 × 10−9

80 500 500 10 9.9623 × 10−13 3.0021 × 10−7 9.3702 × 10−9

100 500 500 10 9.9450 × 10−13 3.0015 × 10−7 9.3651 × 10−9

120 500 500 10 9.9230 × 10−13 3.0005 × 10−7 9.3551 × 10−9

20 500 500 20 4.8450 12.5271 × 10−7 3.5451 × 10−9

40 500 500 20 2.6416 × 10−6 11.1423 × 10−7 3.4570 × 10−9

60 500 500 20 7.5986 × 10−10 11.0912 × 10−7 3.3721 × 10−9

80 500 500 20 7.5983 × 10−10 11.0510 × 10−7 3.2987 × 10−9

100 500 500 20 7.5985 × 10−10 11.0031 × 10−7 3.1067 × 10−9

120 500 500 20 7.5979 × 10−10 10.9998 × 10−7 3.0923 × 10−9

terms of the method employed, proving that a regularization
method is needed to approximate and reach a better solution.

4.3. Circle at Center. For the next case, we employed a disk at
the center with conductivity 𝜎

1
= 100 and the conductivity in

the rest of the domainΩ is 𝜎
2
= 10, as is shown in Figure 5(a).

For this case, we imposed the following boundary condi-
tion:

𝑢 =
1

3
(𝑥3 + 𝑦3) + 0.5 (𝑥 + 𝑦) . (32)

The results are shown in Table 3, where the behaviour of
the method with and without the regularization process is
presented.

In this case, the figure inside the domain is a circle with a
variable radius (in concrete case, radius is 0.5); we know that
if the disk within the domain is bigger, the approximation

will be good, but if the inner conductivity is smaller, the
algorithm could not detect the conductivity good; differently,
when a regularization process is introduced, it warrants
that the conductivity will be employed to compute the
solution and the regularization process permits smoothing
the conductivity to reach results.

This example provides unexpected results, because the
convergence of the NPSM-Tikhonov and NPSM-Tikhonov
with autoadjustment process does not obtain the convergence
that theNPSMmethod can obtain.This case presents the best
convergence and stability obtained by the NPSM algorithm,
and themethodwith regularization process appears to obtain
worse convergence but is still acceptable due to the error
estimated.

This example gives us different ideas to improve and to
analyse the problem for the optimized method. The first idea
about the bad convergence in the solution is that the imposed
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Table 2: Sinusoidal conductivity function 𝜎 = 1 + sin(𝜇𝑥𝑦).

𝑁 𝑆 𝐾 𝜇 E

NPSM
E

NPSM-Tikhonov

E

NPSM-Tikhonov
autoadjustment

20 500 500 6 47.8026 1.2558 × 10−3 4.9995 × 10−5

40 500 500 6 49.9321 1.2143 × 10−3 4.9301 × 10−5

60 500 500 6 54.7917 1.2013 × 10−3 4.9015 × 10−5

80 500 500 6 61.9715 1.1970 × 10−3 3.8084 × 10−5

100 500 500 6 70.3529 1.1905 × 10−3 3.7970 × 10−5

120 500 500 6 80.2248 1.2013 × 10−3 3.6523 × 10−5

20 500 500 12 42.5009 1.0078 × 10−3 7.2012 × 10−5

40 500 500 12 42.3868 1.0009 × 10−3 7.1562 × 10−5

60 500 500 12 42.5782 2.2561 × 10−4 7.1132 × 10−5

80 500 500 12 42.9195 1.2013 × 10−3 7.0999 × 10−5

100 500 500 12 43.1998 1.1817 × 10−3 7.0741 × 10−5

120 500 500 12 43.6383 1.1098 × 10−3 7.0594 × 10−5

20 500 500 18 54.2971 5.2045 × 10−4 9.5051 × 10−5

40 500 500 18 54.6205 5.1270 × 10−4 9.5005 × 10−5

60 500 500 18 56.3661 5.0976 × 10−4 9.4980 × 10−5

80 500 500 18 59.4942 5.0081 × 10−3 9.4953 × 10−5

100 500 500 18 64.2429 4.9954 × 10−3 9.4032 × 10−5

120 500 500 18 69.9109 4.8013 × 10−3 9.3511 × 10−5

Table 3: Disk at center with 𝜎
1
= 10 and 𝜎

2
= 100.

𝑁 𝑆 𝐾 E

NPSM
E

NPSM-Tikhonov

E

NPSM-Tikhonov
autoadjustment

20 500 500 5.3404 × 10−15 5.8084 × 10−7 3.1415 × 10−9

40 500 500 6.8485 × 10−15 5.8590 × 10−7 3.1010 × 10−9

60 500 500 7.7718 × 10−15 5.9150 × 10−7 3.0578 × 10−9

80 500 500 8.5317 × 10−15 6.1232 × 10−7 3.0020 × 10−9

100 500 500 9.3593 × 10−15 6.2140 × 10−7 3.0001 × 10−9

120 500 500 9.8723 × 10−15 6.2491 × 10−7 2.9982 × 10−9

boundary condition is not the correct condition for this case;
another idea is to employ a different approximation process
based on mesh and finally to determine if the regularization
process can improve; a better solution can be imposed in the
boundary when it comes from the approximation in the same
method, which comes from the Taylor series.

Figure 5(b) shows the behaviour of the solution in terms
of the error computed; in this case, due to the low error,
the difference in the graphic cannot be observed, but the
difference exists and can be appreciated in the analysis of
Table 3. For this case, the error increases a little, but it
possesses a steady behaviour.

4.4. Concentric Disk at Center. In this experiment, we used
a disk with four rings at the center with different radius and
conductivities: 𝜎

1
= 10 for the disk, 𝜎

2
= 15 for the first ring,

𝜎
3
= 20 for the second ring, 𝜎

4
= 30 for the third ring, and

𝜎 = 100 for the last ring, as is shown in Figure 6(a).

For this case, we imposed the boundary condition (32).
The simulation results are shown in Table 4, presenting

the behaviour of the method with and without the regular-
ization process.

This case is difficult due to the disk structure inside the
domain; both methods proved to be good when they approx-
imate the electric potentials, in which the algorithm without
regularization presents better convergence, compared to the
one which used a regularization process presenting smooth-
ing within the domain to find an approximation with more
stability.

The best approximation is obtained for the NPSM algo-
rithm, and the NPSM-Tikhonov with and without autoad-
justment presents worse approximation but is useful for
the problem to be solved. The behaviours of the methods
are similar: a high number of formal powers give a better
convergence, the number of radii and points per radius do
not affect the convergence, and the regularization process
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Table 4: Disk at center conductivity function, 𝜎
1
= 10, 𝜎

2
= 15, 𝜎

3
= 20, 𝜎

4
= 30, and 𝜎

5
= 100.

𝑁 𝑆 𝐾 E

NPSM
E

NPSM-Tikhonov

E

NPSM-Tikhonov
autoadjustment

20 500 500 5.7828 × 10−15 3.1309 × 10−7 1.8012 × 10−8

40 500 500 5.9170 × 10−15 3.2404 × 10−7 1.7925 × 10−8

60 500 500 6.0634 × 10−15 3.2602 × 10−7 1.6841 × 10−8

80 500 500 6.2671 × 10−15 3.2702 × 10−7 1.5165 × 10−8

100 500 500 6.3172 × 10−15 4.0112 × 10−7 1.4409 × 10−8

120 500 500 6.3476 × 10−15 4.0201 × 10−7 1.3001 × 10−8
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Figure 6: (a) Five disks’ structure at center conductivity function, 𝜎
1
= 10, 𝜎

2
= 15, 𝜎

3
= 20, 𝜎

4
= 30, and 𝜎

5
= 100. (b) Comparison.

with and without an autoadjustment method only affects
the convergence and stability in the solution. In this case,
the approximation that is obtained by these methods is
considered good, proving that the regularization method can
be used for this problem.

This example is useful to understand the behaviour and,
thanks to this analysis, the main idea is preserved; a complex
study needs to be performed paying more attention to the
boundary condition and employing the results obtained in
the Taylor series instead of employing the imposed boundary
condition in order to determine if the boundary condi-
tion which is employed is the best condition to fulfill the
domain and the conductivity within; this analysis could be
demonstrated if the inverse problem can be approached
by means of the Taylor series in formal powers with and
without a different interpolation procedure including the
regularization process.

Figure 6(b) shows the error analysis of the example
employed, in which the behaviour is the same; the method
proves to be steady and to reach the solution in terms of
the error computed. For this case, the solution shown in the
graphic does not express a considerable difference and fits
correctly, but in terms Table 4 shows that the error increases

and decreases depending upon the data introduced in the
problem.

5. Discussion

The examples exposed in Tables 1, 2, 3, and 4 illustrate the
behaviour of the algorithms with and without the regular-
ization process. In the tables, the columns with the title E
NPSM, proved this behavior; meanwhile the formal powers
increase, the convergence of the approximation is better, and
the number of points and radii do not affect considerably the
approximation in this method.

Then, the regularization process, which is employed in all
cases, showed better stability and in some examples a better
convergence; this is the proof that a regularization process
could be employed in order to approximate forward prob-
lems when the conductivity function presents a nonsmooth
conductivity function, giving the possibility to approximate
the forward Dirichlet boundary value problem for (1) when
the regularization is employed.

All the cases analyzed and discussed in the last section
show better convergence and stability. The reasons for these
approximations are due to the conductivity employed in
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every case, where the exponential conductivity case does
not present problem to approximate employing any of the
methods; the case when the conductivity function is a
disk at center presents a better convergence without the
regularization method, but the results are more stable when
regularization is employed.

In cases such as sinusoidal function, where the conductiv-
ity function presents vibrations and the possibility to obtain
an approximation is more difficult, the regularization process
presents better convergence and stability here; the reason for
it is the smoothing phase for the conductivity functionwithin
the domain, because the regularization process is added to the
algorithm.

The last case that is analysed exposes the structure of
the five disks at center; a Gibbs phenomenon is presented,
provoking disaster in the computing process and presenting a
better convergence in the method without the regularization
process, but, oppositely, the proposed method exposes more
stability with regularization process.

All these examples have shown that a regularization
process can be involved to stabilise the process and to obtain
better approximation. Such performance of the proposed
method is crucial in developing a novel numerical tool for
a solution to inverse problem for (1).

The proposed autoadjustment algorithm with a regu-
larization process shows better stability due to the regu-
larization parameter chosen experimentally. This advantage
is presented when employing mentioned autoadjustment
parameter, which permits the stability and convergence to
reach their maximum value generating a reliable approxima-
tion. Drawback of the method is a considerable increment
in the computational cost. So, we can obtain the solution
more slowly comparing with the basic algorithm without
regularization procedure.

These examples let us analyze the behaviour in analytical
and geometrical cases near to finding a new idea to improve
the algorithm and optimize the process. This study arouses
several questions that need to be analysed in future work.
In the interpolation procedure where the method employed
is a radial basis interpolation, the approximation by means
of a regularization procedure is a good idea but thanks
to this analysis it should be analysed; what happens if the
imposed boundary condition does not fulfill the conductivity
within the domain and its boundary? Some ideas for future
work in order to solve this query come, beginning with the
employment of a mesh grid instead of a radial base function
of interpolation and the use of a Taylor series approximation
instead of the full boundary condition imposed in the domain
with boundary.

6. Conclusions

The regularization method employed in the approximation
for the forward Dirichlet boundary value problem for (1)
gives a stability to the process permitting better convergence
by smoothing the conductivity functions employed within
the domain.

The conductivity is employed in the analytical cases, in
which the conductivity function is presented in nonseparable

variables; the convergence of the method permits employing
also separable variables conductivity function presenting
the same convergence. As it is shown, independently of
the conductivity function, both algorithms reached a good
accuracy, and let us analyse their behaviour to reach a possible
solution for the inverse problem.

The results obtained in this study have proven that a
regularization method is important to solve these problems,
when considered as an ill-posed task. The incorporating
of this regularization process presents smoothing in the
conductivity functions within the domain to approximate the
solution, independently of the domain that we employ.

For the nonsmooth domain, the regularization method
can approximate the solution independently of domain; it
means that if the boundary of the domain is not smooth, the
regularization method smoothing it approaches the solution,
but the convergence it is not the best.

Both methods have proven good approximation of the
solution for the forward Dirichlet boundary value problem,
where the autoadjustment regularization algorithm shows
that it is possible to obtain a better convergence and stability
than other proposed and analysed algorithms.

More experiments should be performed to determine if
the novel algorithm can approximate different class of con-
ductivity functions also. In future investigations, it should be
checked if the algorithm can approximate realmedical images
obtaining the estimation of the conductivity employing image
processing techniques.

At the light of the results and the discussion generated by
means of both proposed algorithms, based on regularization
process, it seems that novel proposal can be useful for ill-
posed problems as it presents (1).

We leave for a future work the analysis of the data and
the proposition of the method, which can be used for the
approximation of the forward problem to obtain a solution
for the inverse problem. This is a hard task and still open
problem, due to the complexity of the electrical impedance
tomography problem. Analysing the computer complexity of
the algorithm employed, we ensure that it can be parallelized
in order to compute the solution faster, and a characterization
of the formal power should be performed to determine if the
imposed boundary condition is correct or not for all cases
used before.
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Based upon the elements of the modern pseudoanalytic function theory, we analyze a new method for numerically solving the
forward Dirichlet boundary value problem corresponding to the two-dimensional electrical impedance equation. The analysis is
performed by introducing interpolating piecewise separable-variables conductivity functions in the unit circle. To warrant the
effectiveness of the posed method, we consider several examples of conductivity functions, whose boundary conditions are exact
solutions of the electrical impedance equation, performing a brief comparison with the finite element method. Finally, we discuss
the possible contributions of these results to the field of the electrical impedance tomography.

1. Introduction

The study of the forward Dirichlet boundary value problem
for the electrical impedance equation in the plane,

div (𝜎 grad 𝑢) = 0, (1)

is fundamental for understanding its inverse problem, com-
monly known as electrical impedance tomography, first
correctly posed inmathematical formbyCalderon [1] in 1980.
It is remarkable that, for more than twenty years after the
problemwas stated, themathematical complexity of (1) could
provoke that many experts considered impossible to obtain
its general solution in analytic form [2], even for the simplest
cases of 𝜎, excluding the constant case.

This perception changed when, independently, Krav-
chenko in 2005 [3] and Astala and Päivärinta [4] in 2006
noticed that the two-dimensional case of (1) was completely
equivalent to a special class of Vekua equation [5].

Many other important results were obtained soon after.
Indeed, Kravchenko et al. published in 2007 what can be
considered the first general solution of (1) in analytic form
[6], when 𝜎 possesses a certain form, employing Taylor
series in formal powers [7]. Moreover, when the conductivity
is separable variables, the real parts of the formal powers
conform a complete set for approaching solutions of the
forward Dirichlet boundary value problem of (1) in the plane
[8].

The main objective of this work is to start a discussion
about the application of the Pseudoanalytic function theory
when 𝜎 is not, in general, a separable-variables function,
which would allow the study of conductivity cases more
interesting in physics and engineering. As a matter of fact,
even it is not clear yet how to extend the proof provided in
[8], about the completeness of the set of formal powers for the
cases when 𝜎 is piecewise separable variables, the numerical
calculations will show that a variation of the technique,
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originally posed for purely mathematical problems, could
well serve for analyzing more general cases, providing quite
acceptable results with compared when classical methods.

In other words, this work states that if the values of the
electrical conductivity are known at every point within a
bounded domain Ω in the plane, it will be always possible to
introduce a piecewise separable-variables function, such that
we can use it to obtain a set of base functions for approaching
solutions of the forward Dirichlet boundary value problem
of (1), employing pseudoanalytic functions. This would be
true for a certain class of bounded domains, but this class
will be wide enough to include many interesting cases for the
applied sciences. Nonetheless, on behalf of briefness, we will
only study the unit circle.The reader will appreciate thatmost
of the results will be valid for more domains.

In order to prove the veracity of the last assessments,
we will consider a set of conductivity examples, separable
variables, and nonseparable variables, for which we can
obtain exact solutions, to be imposed as boundary conditions.
The effectiveness of the approaches will be estimated by
comparing them with the boundary conditions, employing a
standard Lebesgue measure.

Finally, we will discuss how this numerical technique
could contribute to the study of the inverse Dirichlet bound-
ary value problem of (1) in the plane, also known as the
Electrical Impedance Tomography problem.

2. Preliminaries

According to the Pseudoanalytic function theory posed by
Bers [7], let the pair of complex-valued functions 𝐹 and 𝐺
fulfill the condition:

Im (𝐹𝐺) > 0, (2)

where 𝐹 represents the complex conjugation of 𝐹: 𝐹 = Re𝐹−
𝑖 Im𝐹 and 𝑖 denotes the standard imaginary unit 𝑖2 = −1.
This condition implies that the functions 𝐹 and𝐺 are linearly
independent, therefore any complex-valued function𝑊 can
be expressed by their linear combination:

𝑊 = 𝜙𝐹 + 𝜓𝐺, (3)

where 𝜙 and 𝜓 are purely real-valued functions. On the light
of this idea, L. Bers introduced the concept of the (𝐹, 𝐺)-
derivative of𝑊 in the form

𝜕
(𝐹,𝐺)

𝑊 = (𝜕
𝑧
𝜙) 𝐹 + (𝜕

𝑧
𝜓)𝐺. (4)

This derivative will exist if and only if the following equality
is true:

(𝜕
𝑧
𝜙) 𝐹 + (𝜕

𝑧
𝜓)𝐺 = 0. (5)

Hereafter, we will use the notations 𝜕
𝑧
= 𝜕
𝑥
− 𝑖𝜕
𝑦
and 𝜕

𝑧
=

𝜕
𝑥
+𝑖𝜕
𝑦
.These pairs of partial differential operators are usually

introduced with the factor 1/2, but in this work it will be
somehow more convenient to work without it.

Introducing the notations:

𝐴
(𝐹,𝐺)

=
𝐹𝜕
𝑧
𝐺 − 𝐺𝜕

𝑧
𝐹

𝐹𝐺 − 𝐺𝐹
, 𝑎

(𝐹,𝐺)
= −

𝐹𝜕
𝑧
𝐺 − 𝐺𝜕

𝑧
𝐹

𝐹𝐺 − 𝐺𝐹
,

𝐵
(𝐹,𝐺)

=
𝐹𝜕
𝑧
𝐺 − 𝐺𝜕

𝑧
𝐹

𝐹𝐺 − 𝐺𝐹
, 𝑏

(𝐹,𝐺)
= −

𝐺𝜕
𝑧
𝐹 − 𝐹𝜕

𝑧
𝐺

𝐹𝐺 − 𝐺𝐹
,

(6)

the derivative presented in (4), that we will refer to as the
(𝐹, 𝐺)-derivative of𝑊, can be rewritten as

𝜕
(𝐹,𝐺)

𝑊 = 𝜕
𝑧
𝑊− 𝐴

(𝐹,𝐺)
𝑊− 𝐵

(𝐹,𝐺)
𝑊, (7)

whereas condition (5) will become

𝜕
𝑧
𝑊− 𝑎

(𝐹,𝐺)
𝑊− 𝑏

(𝐹,𝐺)
𝑊 = 0. (8)

A pair of complex functions (𝐹, 𝐺) satisfying condition
(2) will be called a generating pair, and the functions
introduced in (6) will be referred to as the characteristic
coefficients of the generating pair (𝐹, 𝐺). As a matter of fact,
the expression (8) is known as the Vekua equation [5], and
every function 𝑊, solution of (8), will be called (𝐹, 𝐺)-
pseudoanalytic.

The following statements were originally posed in [7].We
present them with certain modifications, in order to better
analyze the special class of Vekua equation corresponding to
the electrical impedance equation (1) in the plane.

Theorem 1. The functions𝐹 and𝐺, constituting the generating
pair of the form (2), are (𝐹, 𝐺)-pseudoanalytic, and their (𝐹, 𝐺)-
derivatives vanish identically:

𝜕
(𝐹,𝐺)

𝐹 ≡ 𝜕
(𝐹,𝐺)

𝐺 ≡ 0. (9)

Theorem 2 (see [7, 9]). Let 𝑝 be a nonvanishing function,
defined within some domain Ω(R2), and let

𝐹 = 𝑝, 𝐺 =
𝑖

𝑝
. (10)

It is easy to verify that 𝐹 and 𝐺 conform a generating pair (2),
whose characteristic coefficients, according to (6), are

𝐴
(𝐹,𝐺)

= 𝑎
(𝐹,𝐺)

= 0,

𝐵
(𝐹,𝐺)

=
𝜕
𝑧
𝑝

𝑝
,

𝑏
(𝐹,𝐺)

=
𝜕
𝑧
𝑝

𝑝
.

(11)

Therefore, for this special class of generating pairs, the corre-
sponding Vekua equations will have the form

𝜕
𝑧
𝑊−

𝜕
𝑧
𝑝

𝑝
𝑊 = 0. (12)

Definition 3. Let (𝐹
0
, 𝐺
0
) and (𝐹

1
, 𝐺
1
) be two generating pairs

of the form (10), and let their characteristic coefficients fulfill
the condition

𝐵
(𝐹0 ,𝐺0)

= −𝑏
(𝐹1 ,𝐺1)

. (13)

Thus the generating pair (𝐹
1
, 𝐺
1
) will be called a successor

pair of (𝐹
0
, 𝐺
0
), as well (𝐹

0
, 𝐺
0
) will be called a predecessor

of (𝐹
1
, 𝐺
1
).
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Definition 4. Let the elements of the set

{(𝐹
𝑚
, 𝐺
𝑚
)} , 𝑚 = 0, ±1, ±2, . . . , (14)

be all generating pairs, and let every (𝐹
𝑚+1

, 𝐺
𝑚+1

) be a
successor of (𝐹

𝑚
, 𝐺
𝑚
). Hence, the set (14) will be called a

generating sequence. If (𝐹, 𝐺) = (𝐹
0
, 𝐺
0
), wewill say that (𝐹, 𝐺)

is embedded into (14). Moreover, if there exists a number
𝑘 such that (𝐹

𝑚+𝑘
, 𝐺
𝑚+𝑘

) = (𝐹
𝑚
, 𝐺
𝑚
), we will say that the

generating sequence (14) is periodic, with period 𝑘.

L. Bers also introduced the concept of the (𝐹, 𝐺)-integral
of a complex function𝑊. The reader can find the conditions
for warranting its existence and a detailed description of its
properties in [7, 9]. Since the functions employed in this work
are, by definition, (𝐹, 𝐺)-integrable, we will only present a
certain set of those properties.

Definition 5. Let (𝐹
0
, 𝐺
0
) be a generating pair with the form

(10). Its adjoin pair (𝐹∗
0
, 𝐺∗
0
) is defined as

𝐹∗
0
= −𝑖𝐹

0
, 𝐺∗

0
= −𝑖𝐺

0
. (15)

Definition 6. The (𝐹
0
, 𝐺
0
)-integral of a complex function 𝑊

(when it exists) is defined according to the expression

∫
Λ

𝑊𝑑
(𝐹0 ,𝐺0)

𝑧 = 𝐹
0
Re∫
Λ

𝐺∗
0
𝑊𝑑𝑧 + 𝐺

0
Re∫
Λ

𝐹∗
0
𝑊𝑑𝑧, (16)

where Λ is a rectifiable curve going from 𝑧
0
up to 𝑧

1
, in the

complex plain. In particular, the (𝐹
0
, 𝐺
0
)-integral of 𝜕

(𝐹0 ,𝐺0)
𝑊

reaches

∫
𝑧

𝑧0

𝜕
(𝐹0 ,𝐺0)

𝑊𝑑
𝐹0 ,𝐺0

𝑧 = 𝑊 − 𝜙 (𝑧
0
) 𝐹
0
− 𝜓 (𝑧

0
) 𝐺
0
. (17)

But according to Theorem 1, the (𝐹
0
, 𝐺
0
)-derivatives of 𝐹

0

and 𝐺
0
vanish identically, hence (17) can be considered the

(𝐹
0
, 𝐺
0
)-antiderivative of 𝜕

(𝐹0 ,𝐺0)
𝑊.

2.1. Formal Powers

Definition 7. The formal power𝑍(0)
𝑚
(𝑎
0
, 𝑧
0
; 𝑧) belonging to the

generating pair (𝐹
𝑚
, 𝐺
𝑚
), with formal exponent 0, complex

coefficient 𝑎
0
, center at 𝑧

0
, and depending upon the complex

variable 𝑧 = 𝑥 + 𝑖𝑦, is defined by the expression

𝑍(0)
𝑚
(𝑎
0
, 𝑧
0
; 𝑧) = 𝜆𝐹

𝑚
+ 𝜇𝐺
𝑚
, (18)

where 𝜆 and 𝜇 are constants that fulfill the condition

𝜆𝐹
𝑚
(𝑧
0
) + 𝜇𝐺

𝑚
(𝑧
0
) = 𝑎
0
. (19)

The formal powers with higher formal exponents are defined
according to the recursive formulas

𝑍(𝑛)
𝑚
(𝑎
𝑛
, 𝑧
0
; 𝑧) = 𝑛∫

𝑧

𝑧0

𝑍(𝑛−1)
𝑚−1

(𝑎
𝑛
, 𝑧
0
; 𝑧) 𝑑
(𝐹𝑚 ,𝐺𝑚)

𝑧. (20)

Notice the integral operators at the right hand side of the last
equality are all (𝐹

𝑚
, 𝐺
𝑚
)-antiderivatives.

Remark 8. The formal powers possess the following proper-
ties:

(1) 𝑍(𝑛)
𝑚
(𝑎
𝑛
, 𝑧
0
; 𝑧) → 𝑎

𝑛
(𝑧 − 𝑧

0
)𝑛 when 𝑧 → 𝑧

0
.

(2) Every 𝑍(𝑛)
𝑚
(𝑎
𝑛
, 𝑧
0
; 𝑧) is (𝐹

𝑚
, 𝐺
𝑚
)-pseudoanalytic.

(3) If 𝑎
𝑛
= 𝑎󸀠
𝑛
+ 𝑖𝑎󸀠󸀠
𝑛
, where 𝑎󸀠

𝑛
and 𝑎󸀠󸀠
𝑛
are real constants,

we will have

𝑍(𝑛)
𝑚
(𝑎
𝑛
, 𝑧
0
; 𝑧) = 𝑎󸀠

𝑛
𝑍(𝑛)
𝑚
(1, 𝑧
0
; 𝑧) + 𝑎󸀠󸀠

𝑛
𝑍(𝑛)
𝑚
(𝑖, 𝑧
0
; 𝑧) . (21)

Theorem9. Every complex-valued function𝑊, solution of the
Vekua equation (8), can be expanded in terms of the so-called
Taylor series in formal powers:

𝑊 =
∞

∑
𝑛=0

𝑍(𝑛) (𝑎
𝑛
, 𝑧
0
; 𝑧) , (22)

where the absence of the subindex “𝑚” indicates that all formal
powers belong to the same generating pair.

Remark 10. Since every complex-valued function𝑊, solution
of (8), can be expressed in the form (22), it is possible to assert
that (22) is an analytic representation of the general solution
for the Vekua equation (8).

2.2. The Electrical Impedance Equation in the Plane. As it has
been previously posed in several works (see, e.g., [3, 9, 10]),
when the conductivity function 𝜎 can be expressed in terms
of a separable-variables function

𝜎 = 𝜎
1
(𝑥) 𝜎
2
(𝑦) , (23)

by introducing the notations

𝑊 = √𝜎𝜕
𝑥
𝑢 − 𝑖√𝜎𝜕

𝑦
𝑢,

𝑝 =
√𝜎2
√𝜎1

,
(24)

the two-dimensional electrical impedance equation (1) can
be rewritten precisely as a Vekua equation of the form (12).
Moreover, its corresponding generating pair

𝐹
0
= 𝑝, 𝐺

0
=
𝑖

𝑝
(25)

is embedded into a periodic generating sequence, with period
𝑘 = 2, such that

𝐹
𝑚
=
√𝜎2
√𝜎1

, 𝐺
𝑚
= 𝑖

√𝜎1
√𝜎2

, (26)

when𝑚 is an even number, and

𝐹
𝑚
= √𝜎1𝜎2, 𝐺

𝑚
=

𝑖

√𝜎1𝜎2
, (27)

when𝑚 is odd.
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Therefore, based upon the statements posed in Defini-
tion 7, possessing a generating sequence will allow us to
approach a set of formal powers:

{𝑍(𝑛)
0
(1, 0; 𝑧) , 𝑍(𝑛)

0
(𝑖, 0; 𝑧)}

𝑁

𝑛=0
, (28)

within a bounded domain Ω, and, subsequently by virtue
of Remark 8, we will be able to approach any formal power
𝑍(𝑛)
0
(𝑎
𝑛
, 0; 𝑧), at any point 𝑧 ∈ Ω.

Because the present work intends to contribute to the
construction of a novel theory for the electrical impedance
tomography problem, we will focus our attention into a
classic domain Ω, the unit disk with center at 𝑧

0
= 0.

2.3. A Complete Orthonormal System. In [8] Campos et al.
posed a very important property of the formal powers.

Theorem11 (see [8]). The set of real parts of the formal powers,
with coefficients 1 and 𝑖, valued at the boundary Γ of a bounded
domain Ω

{Re𝑍(𝑛) (1, 0; 𝑧) |
Γ
,Re𝑍(𝑛) (𝑖, 0; 𝑧) |

Γ
}
∞

𝑛=0
, (29)

constitutes a complete system for approaching solutions of the
forward Dirichlet boundary value problem for the electrical
impedance equation (1) in the plane.

That is, any boundary condition 𝑢|
Γ
can be approached

asymptotically by the linear combination of the elements
belonging to (29):

lim
𝑁→∞

𝑢|
Γ
− (
𝑁

∑
𝑛=0

𝑐(1)
𝑛

Re𝑍(𝑛) (1, 0; 𝑧) |
Γ

+𝑐(𝑖)
𝑛

Re𝑍(𝑛) (𝑖, 0; 𝑧) |
Γ
) = 0,

(30)

where the coefficients 𝑐(1)
𝑛

and 𝑐(𝑖)
𝑛

are all real constants.
Since the elements of the set (29) are, by definition,

linearly independent [7], it is possible to perform a stan-
dard Gram-Schmidt orthonormalization process in order to
obtain the set of functions

{𝑢
𝑛
}
2𝑁−1

𝑛=0
, (31)

defined on the boundary Γ, such that when imposing a
boundary condition 𝑢|

Γ
, we will have

𝑢|
Γ
∼
2𝑁−1

∑
𝑛=0

𝛼
𝑛
𝑢
𝑛
. (32)

Because the set {𝑢
𝑘
}2𝑁−1
𝑘=0

is orthonormal, the calculation
of the coefficients 𝛼

𝑛
can be performed by several classical

methods. Particularly, we will employ the scalar product

𝛼
𝑛
= ⟨𝑢
𝑛
, 𝑢|
Γ
⟩ . (33)

2.4. A Basic Numerical Approach. Remembering that Γ coin-
cides with the perimeter of the unit circle, we can employ
the numerical methods detailed in [11] for obtaining a system
of 2𝑁 + 1 formal powers (notice that, according to (25),
Re 𝑍(0)
0
(𝑖, 𝑧
0
; 𝑧) = 0), defined at the boundary Γ:

{Re𝑍(𝑛)
0
(1, 0; 𝑧)|

Γ
,Re𝑍(𝑛)

0
(𝑖, 0; 𝑧)|

Γ
}
𝑁

𝑛=0
. (34)

More precisely, let us consider the formal powers
𝑍(𝑛)
0
(1, 0; 𝑧). Taking into account that the integral expressions

introduced in (17) are path independent [7], we can choose
the rectifiable curve Λ to be a straight line segment, going
from 𝑧

0
= 0 until some point of the unit circle. Thus, we

can allocate 𝑃 points equidistantly distributed on such line,
obtaining the set of complex numbers

{𝑧 [𝑝] =
𝑝

𝑃
cos 𝜃 [𝑟] + 𝑖

𝑝

𝑃
sin 𝜃 [𝑟]}

𝑃−1

𝑝=0

, (35)

where 𝜃[𝑟] is some angle associated to the radius. Given this
set of points, and considering that the generating sequence
corresponding to the pair (25) is periodic with period 𝑘 = 2,
we can numerically approach the formal powers employing,
for example, a variation of the trapezoidal integrationmethod
according to the expressions

𝑍(𝑛)
0
(𝑧 [𝑝])

= (𝑛 − 1) 𝐹
0
(𝑧 [𝑝])

× Re
𝑝−1

∑
𝑞=0

(𝑍(𝑛−1)
1

(𝑧 [𝑞 + 1]) 𝐺∗
0
(𝑧 [𝑞 + 1])) 𝑑𝑧 [𝑞]

+ (𝑛 − 1) 𝐹
0
(𝑧 [𝑝])

× Re
𝑝

∑
𝑞=0

(𝑍(𝑛−1)
1

(𝑧 [𝑞]) 𝐺∗
0
(𝑧 [𝑞])) 𝑑𝑧 [𝑞]

+ (𝑛 − 1) 𝐺
0
(𝑧 [𝑝])

× Re
𝑝−1

∑
𝑞=0

(𝑍(𝑛−1)
1

(𝑧 [𝑞 + 1]) 𝐹∗
0
(𝑧 [𝑞 + 1])) 𝑑𝑧 [𝑞]

+ (𝑛 − 1) 𝐺
0
(𝑧 [𝑝])

× Re
𝑝

∑
𝑞=0

(𝑍(𝑛−1)
1

(𝑧 [𝑞]) 𝐹∗
0
(𝑧 [𝑞])) 𝑑𝑧 [𝑞] ,

(36)

where 𝑝, 𝑞 = 0, 1, . . . , 𝑃 − 1, and

𝑑𝑧 [𝑝] = 𝑧 [𝑝 + 1] − 𝑧 [𝑝] . (37)

Besides, we can introduce a set of 𝑅 angles 𝜃[𝑟], to be
employed in (35), according to the formula

{𝜃 [𝑟] =
2𝜋𝑟

𝑅
}
𝑅−1

𝑟=0

(38)
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Figure 1: Example of a separable-variables exponential conductivity
function 𝜎 = 𝑒𝑥+𝑦.

Table 1: Relation between the error E and the number of formal
powers, for the case when 𝜎 possesses an exponential form.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁 E

500 500 45 1.4370 × 10−15

100 100 45 1.9996 × 10−15

100 100 35 2.0001 × 10−15

100 100 25 2.0094 × 10−15

100 100 15 2.0524 × 10−15

100 100 5 3.1333 × 10−14

for the iterative expressions (36) that can be performed at
each angle 𝜃[𝑟]. When the full procedure is complete, we will
possess a set of𝑁+1 formal powers𝑍(𝑛)(1, 0; 𝑧), approached
for 𝑅 radii, and with 𝑃 points per radius. Thus, by collecting
the real parts of 𝑍(𝑛)(1, 0; 𝑧) valued at the points 𝑧[𝑃 − 1],
which are precisely those located at the boundary Γ, we will
obtain a numerical approximation of the set

{Re𝑍(𝑛)(1, 0; 𝑧)|
Γ
}
𝑁

𝑛=0
. (39)

An identical procedure can be performed for obtaining the
elements of

{Re𝑍(𝑛)(𝑖, 0; 𝑧)|
Γ
}
𝑁

𝑛=0
. (40)

Since the numerical approaching of the set (34) is complete, a
standard Gram-Schmidt method will reach the orthonormal
system (31) for approaching the boundary condition 𝑢|

Γ
.

The effectiveness of this numerical approach has been
analyzed in several works (see [8, 10]). Here we will only
analyze two particular examples of separable-variables con-
ductivity functions 𝜎, before studying those that are not
separable variables.

Table 2: Relation between the error E and the number of formal
powers, for the case when 𝜎 has a Lorentzian form.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁 E

500 500 45 2.2968 × 10−8

100 100 45 2.3753 × 10−8

100 100 35 5.8069 × 10−7

100 100 25 1.9710 × 10−5

100 100 15 7.2801 × 10−4

100 100 5 4.8875 × 10−2

3. The Cases When the Conductivity 𝜎
Possesses a Separable-Variables Form

3.1. Example When 𝜎 Is an Exponential Function

Proposition 12. Let 𝜎 = 𝑒𝑥+𝑦. Then the function 𝑢 = 𝑒−𝑥−𝑦

will be a particular solution of (1).

Figure 1 plots an illustration of the exponential conduc-
tivity.

The numerical procedure described in Section 2.4 will be
employed for approaching the forward Dirichlet boundary
value problem when 𝜎 possesses the form of the proposition
above, imposing as the boundary condition the exact solution

𝑢|
Γ
= 𝑒−𝑥−𝑦. (41)

The error E will be defined according to the Lebesgue
measure

E = (∫
Γ

(𝑢|
Γ
−
2𝑁+1

∑
𝑛=0

𝛼
𝑛
𝑢
𝑛
)

2

𝑑𝑙)

1/2

, (42)

where the addition within the integral expression corre-
sponds to the approached solution (32).

Table 1 contains the relation between the error E and the
number of formal powers 𝑁. The parameters 𝑅 and 𝑃 have
been fixed at the value 100, since for this particular case, as
displayed in the table, they do not significantly influence the
diminution of the error when increasing.

3.2. The Case When 𝜎 Has a Lorentzian Form

Proposition 13. Let

𝜎 = (
1

𝑥2 + 0.1
) (

1

𝑦2 + 0.1
) . (43)

Then the function

𝑢 =
𝑥3 + 𝑦3

3
+ 0.1 (𝑥 + 𝑦) (44)

will be a particular solution of (1).

An illustration of the conductivity function (43) is dis-
played in Figure 2.
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Figure 2: Example of a separable-variables Lorentzian conductivity
function 𝜎 = (𝑥2 + 0.1)−1 ⋅ (𝑦2 + 0.1)−1.

Once more, the exact solution (44) will be imposed as
the boundary condition. The numerical results are shown in
Table 2. This, indeed, is a more interesting case, since the
number𝑁 of formal powers strongly influences the accuracy
of the approach. The increment of the number of points per
radius 𝑃 and the number of radii 𝑅, as in the previous case,
do not significantly increase the accuracy.

3.3. Construction of a Piecewise Separable-Variables Conduc-
tivity Function. Consider a bounded domain Ω(R2) (in this
case the unit circle) and divide it into a finite number of
subsections 𝑆, taking care that the point to be considered the
center of the formal powers 𝑧

0
(see Definition 7) does not

reside onto the boundary of two subsections. For simplicity,
let us make the division by employing a finite set of parallel
lines to the𝑥-axis, equidistant to one another, and let us locate
𝑧
0
= 0.
Supposing that the values of the electrical conductivity

are defined for every point within the domain Ω(R2), let
us locate a straight line crossing every subsection, that does
not intersect the bounding parallel lines of its corresponding
subsection. Indeed, such lines can be simply parallel to the
bounding ones.

The following step is to collect finite sets of conductivity
values, corresponding to a number 𝐶 of points located at
the crossing lines. For every line, the quantity of collected
values 𝐶must be big enough to warrant that an interpolating
process, in this case performed with straight lines, will
adequately approach all the remaining conductivity values
defined over the line points.

Since we have already assumed that every crossing line
will be parallel to the subsection-bounding lines, and in
consequence to the 𝑥-axis, all collected points corresponding
to the same crossing line will possess the same 𝑦-coordinate.
Let us propose that the conductivity within every subsection
can be represented according to the expression

𝜎 =
𝑦 + 𝐾

Υ + 𝐾
⋅ 𝑓 (𝑥) , (45)

where Υ denotes the 𝑦-coordinate that is common to all
points along the crossing line, 𝑓(𝑥) is an interpolating
function that approaches the collected conductivity values,
and 𝐾 is a real positive constant such that 𝑦 + 𝐾 ̸= 0, for all
𝑦 ∈ Ω.

Applying this idea in every subsection, the conductivity 𝜎
within the bounded domain Ω can be approached by means
of the piecewise-defined function:

𝜎 (𝑥, 𝑦) =

{{{{{{{{{{{{{
{{{{{{{{{{{{{
{

𝑦 + 𝐾

Υ
1
+ 𝐾

⋅ 𝑓
1
(𝑥) : 𝑦 ∈ [𝑦

(1)
, 𝑦
(2)
) ;

𝑦 + 𝐾

Υ
2
+ 𝐾

⋅ 𝑓
2
(𝑥) : 𝑦 ∈ [𝑦

(2)
, 𝑦
(3)
) ;

...

𝑦 + 𝐾

Υ
𝑆
+ 𝐾

⋅ 𝑓
𝑆
(𝑥) : 𝑦 ∈ [𝑦

(𝑆)
, 𝑦
(𝑆+1)

] .

(46)

Here 𝑦
(1)

represents the first 𝑦-coordinate found within the
domain Ω when broaching the 𝑦-axis from ∞ up to −∞,
whereas 𝑦

(𝑆)
represents the last one. The pairs of 𝑦-axis

parallel lines (𝑦
(𝑗)
, 𝑦
(𝑗+1)

), where 𝑗 = 1, . . . , 𝑆 + 1, are given by
the common 𝑦-coordinates belonging to every pair of lines
delimiting the subsections. Notice the piecewise function
(46) is separable variables.

Thus, according to Section 2.2, it immediately follows that

𝐹
0
=

{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{
{

(
𝑦 + 𝐾

Υ
1
+ 𝐾

⋅ 𝑓−1
1
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(1)
, 𝑦
(2)
) ,

(
𝑦 + 𝐾

Υ
2
+ 𝐾

⋅ 𝑓−1
2
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(2)
, 𝑦
(3)
) ,

...

(
𝑦 + 𝐾

Υ
𝑆
+ 𝐾

⋅ 𝑓−1
𝑆
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(𝑆)
, 𝑦
(𝑆+1)

] ,

(47)

whereas

𝐺
0
=

{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{
{

𝑖(
Υ
1
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓
1
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(1)
, 𝑦
(2)
) ,

𝑖(
Υ
2
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓
2
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(2)
, 𝑦
(3)
) ,

...

𝑖(
Υ
𝑆
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓
𝑆
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(𝑆)
, 𝑦
(𝑆+1)

] .

(48)
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Table 3: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = 𝑒𝑥+𝑦.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 4.4935 × 10−5

100 100 45 10001 10001 6.9358 × 10−5

100 100 45 5001 5001 6.8149 × 10−4

100 100 45 2501 2501 5.7113 × 10−4

100 100 45 1001 1001 3.3381 × 10−3

100 100 45 501 501 1.5105 × 10−3

100 100 45 101 101 5.3048 × 10−3

For the generating pair (𝐹
1
, 𝐺
1
) we will have

𝐹
1
=

{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{
{

(
𝑦 + 𝐾

Υ
1
+ 𝐾

⋅ 𝑓
1
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(1)
, 𝑦
(2)
) ,

(
𝑦 + 𝐾

Υ
2
+ 𝐾

⋅ 𝑓
2
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(2)
, 𝑦
(3)
) ,

...

(
𝑦 + 𝐾

Υ
𝑆
+ 𝐾

⋅ 𝑓
𝑆
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(𝑆)
, 𝑦
(𝑆+1)

] ,

𝐺
1
=

{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{
{

𝑖(
Υ
1
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓−1
1
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(1)
, 𝑦
(2)
) ,

𝑖(
Υ
2
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓−1
2
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(2)
, 𝑦
(3)
) ,

...

𝑖(
Υ
𝑆
+ 𝐾

𝑦 + 𝐾
⋅ 𝑓−1
𝑆
(𝑥))
1/2

: 𝑦 ∈ [𝑦
(𝑆)
, 𝑦
(𝑆+1)

] .

(49)

We will use these piecewise-defined functions to perform
the numerical procedure described in Section 2.4. The first
case to analyze will be the exponential conductivity 𝜎 = 𝑒𝑥+𝑦

studied in Section 3.1, imposing as the boundary condition
𝑢|
Γ
= 𝑒−𝑥−𝑦 the exact solution presented in Proposition 12.
The second case will be the Lorentzian conductivity

treated in Section 3.2, whose boundary condition will be the
exact solution 𝑢|

Γ
shown in Proposition 13. The results of

these cases are exposed in Tables 3 and 4. For both, we can
observe that the accuracy is strongly related with the number
of sections 𝑆 and the number of collected values per section𝐶,
as well as with the number 𝑁 of formal powers. Once more,
the increment of the number of points per radius 𝑃 and the
number of radii 𝑅 do not significantly improve the accuracy.

Beside, since the tables presented in the previous sub-
section have shown that the accuracy of the method is not
considerably improved when neither the number of points
per radius 𝑃 nor the number of radii 𝑅 increase, we will fix
both values 𝑃 = 𝑅 = 100 hereafter.

Tables 3 and 4 show that the piecewise separable-variables
conductivity function (46) can be positively employed for
numerically approaching solutions of this boundary value

problem, because even the magnitudes of the errors E are
considerable bigger than those obtained when employing
the original 𝜎, their magnitudes are still acceptable when
compared with other classical numerical methods.

More precisely, employing a standard finite element
method technique for solving forward Dirichlet boundary
value problems of elliptic partial differential equations in the
plane, when considering the exponential conductivity 𝜎 =
𝑒𝑥+𝑦 and imposing the boundary condition 𝑢|

Γ
= 𝑒−𝑥−𝑦, the

error was E = 6.1638 × 10−4, utilizing 8257 nodes in the
mesh, corresponding to 16256 triangular elements. For the
Lorentzian conductivity 𝜎 = (𝑥2 + 0.1)

−1

(𝑦2 + 0.1)
−1, with

the boundary condition 𝑢|
Γ
= (1/3)(𝑥3 + 𝑦3) + 0.1(𝑥 +

𝑦), employing identical number of nodes in the mesh, the
resulting error was E = 2.6424 × 10−4.

Amore detailed description of the behavior of themethod
is provided in Tables 5, 6, and 7.

Notice that the comparison with the finite element
method is given as a basic reference. Indeed, the number of
nodes in the mesh was taken at 8257, because it is the closest
value to the number of points located inΩ obtained when we
multiply 𝑃 ⋅ 𝑅 = 10000.

4. Analysis of Conductivity Functions That Are
Not Separable Variables

This section is fully dedicated to study conductivity functions
that do not possess a separable-variables form, but for which
we are able to obtain exact solutions of (1), in order to impose
them as boundary conditions.

4.1. The Nonseparable-Variables Exponential Case

Proposition 14. Let the conductivity function

𝜎 = 𝑒𝑥𝑦. (50)

Then, a particular solution of (1) will be

𝑢 = 𝑒−𝑥𝑦. (51)

Figure 3 illustrates the conductivity funcion of (50).
Tables 7 and 8 contain the information about the behavior

of the error E when changing the values of 𝑆, 𝐶, and 𝑁.
In this case the diminution of the number of sections 𝑆
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Table 4: Relation between the error E and the number of formal powers𝑁, when 𝜎 = 𝑒𝑥+𝑦.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 6.9358 × 10−5

100 100 35 10001 10001 4.0388 × 10−4

100 100 25 10001 10001 5.3651 × 10−4

100 100 15 10001 10001 3.4733 × 10−3

100 100 5 10001 10001 4.5714 × 10−2

Table 5: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = (𝑥2 + 0.1)−1(𝑦2 + 0.1)−1.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 6.1214 × 10−6

100 100 45 10001 10001 1.1241 × 10−5

100 100 45 5001 5001 1.3062 × 10−5

100 100 45 2501 2501 7.2332 × 10−5

100 100 45 1001 1001 1.7079 × 10−4

100 100 45 501 501 3.5471 × 10−4

100 100 45 101 101 1.0553 × 10−3

Table 6: Relation between the error E and the number of formal powers𝑁, when 𝜎 = (𝑥2 + 0.1)−1(𝑦2 + 0.1)−1.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 1.1241 × 10−5

100 100 35 10001 10001 9.1964 × 10−5

100 100 25 10001 10001 5.0855 × 10−4

100 100 15 10001 10001 4.2633 × 10−3

100 100 5 10001 10001 2.9065 × 10−2

Table 7: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = 𝑒𝑥𝑦.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 3.8759 × 10−6

100 100 45 10001 10001 5.4177 × 10−6

100 100 45 5001 5001 2.1470 × 10−5

100 100 45 2501 2501 1.5406 × 10−5

100 100 45 1001 1001 6.6917 × 10−5

100 100 45 501 501 1.5059 × 10−4

100 100 45 101 101 8.7576 × 10−4

Table 8: Relation between the error E and the number of formal powers𝑁, when 𝜎 = 𝑒𝑥𝑦.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 5.4177 × 10−6

100 100 35 10001 10001 2.6425 × 10−5

100 100 25 10001 10001 3.2504 × 10−5

100 100 15 10001 10001 3.4497 × 10−5

100 100 5 10001 10001 1.0798 × 10−2
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Table 9: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = ((𝑥 + 𝑦)2 + 1)−1.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 8.8364 × 10−3

100 100 45 10001 10001 8.9246 × 10−3

100 100 45 5001 5001 9.4573 × 10−3

100 100 45 2501 2501 9.9164 × 10−3

100 100 45 1001 1001 1.0330 × 10−2

100 100 45 501 501 8.6507 × 10−3

100 100 45 101 101 9.5800 × 10−3

Table 10: Relation between the error E and the number of formal powers𝑁, when 𝜎 = ((𝑥 + 𝑦)2 + 1)−1.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 8.9246 × 10−3

100 100 35 10001 10001 4.3227 × 10−2

100 100 25 10001 10001 5.9625 × 10−2

100 100 15 10001 10001 8.2125 × 10−2

100 100 5 10001 10001 1.4064 × 10−1
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Figure 3: Example of nonseparable-variables conductivity function
𝜎 = 𝑒𝑥𝑦.

and diminution of the samples per section 𝐶 do influence
the accuracy, but their influence is not so significant as the
diminution of the formal powers𝑁.

The error obtained when employing the finite element
method approach was E = 2.3966 × 10−4, employing 8257
points in the mesh.

4.2. The Nonseparable-Variables Lorentzian Case

Proposition 15. Let the conductivity function have the form

𝜎 =
1

(𝑥 + 𝑦)
2

+ 1
. (52)
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Figure 4: Example of nonseparable-variables Lorentzian conductiv-
ity function 𝜎 = ((𝑥 + 𝑦)2 + 1)−1.

An exact solution for (1) is

𝑢 =
(𝑥 + 𝑦)

3

3
+ 𝑥 + 𝑦. (53)

The conductivity functionwith the form (52) is illustrated
in Figure 4.

Table 9 shows an abnormal behavior of the errorE when
decreasing the number of sections 𝑆 and samples 𝐶. That
is, it does not follow a clear pattern. But more important is
to remark that the finite element method reported an error
E = 5.4311 × 10−4, which implies that is better situated
for analyzing this class of conductivity functions. Table 10
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Figure 5: Examples of nonseparable-variables polynomial conduc-
tivity function 𝜎 = 𝑥 + 𝑦 + 10.

states that the diminution of the number of formal powers
𝑁 decreases the accuracy.

4.3. The Nonseparable-Variables Polynomial Case

Proposition 16. Let one assume that the conductivity function
has the form

𝜎 = 𝑥 + 𝑦 + 10, (54)

thus the function

𝑢 = ln (𝑥 + 𝑦 + 10) (55)

will be a solution of (1).

In Figure 5 it is illustrated the polynomial conductivity
function of (54).

Tables 11 and 12 show a regular behavior of the error
E, because it decreases when the values 𝑆 and 𝐶 do. This
case possesses a singular characteristic when compared to the
cases above: The diminution of the number of formal powers
𝑁 does not provoke a considerable loss of the accuracy. This
exception will be remarked since it has not been detected in
other class of conductivity functions.

On the other hand, the finite element method proved
to provide a very similar accuracy for analyzing this case,
because the obtained error was E = 2.8958 × 10−6.

4.4. The Nonseparable-Variables Sinusoidal Case

Proposition 17. Let one consider the sinusoidal conductivity

𝜎 = 2 + sin (𝑥 + 𝑦) . (56)

One can verify by direct substitution that the function

𝑢 =
2

√3
arctan(

2 tan ((𝑥 + 𝑦) /2) + 1

√3
) (57)

is a solution of (1).

The Figure 6(a) illustrates the conductivity (56), whereas
the Figure 6(b) illustrates the case (58).

Tables 13 and 14 show that the behavior of E is not fully
regular, because a diminution of the number 𝑆 and 𝐶 does
not necessarily imply a reduction of the accuracy, whereas
the diminution of the formal powers 𝑁 provokes significant
changes of the error E. For this case, the finite element
method reported an error E = 0.0192.

Notice that the exact solution (57) that was imposed as the
boundary condition 𝑢|

Γ
cannot be employed when a constant

factor multiplies the argument of the trigonometric function,
because the tangent would not be defined at certain points.
Nevertheless, one last experiment is worth of research.

Let us suppose that the conductivity function possesses
the form

𝜎 = 2 + sin 5 (𝑥 + 𝑦) , (58)

and let us approach the solution to the forward problem
keeping as the boundary condition the expression (57). Tables
15 and 16 display the biggest error E found in the present
work, even the behavior of E could be considered regular,
because it decreases while 𝑆, 𝐶, and 𝑁 do. The reader will
appreciate that the accuracy is, in general, unsatisfactory
for applications. Indeed, the finite element method obtained
an error E = 0.0043, hence it is quite better situated for
analyzing this kind of conductivity functions.

5. Conclusions

The comparison of the numerical method posed in this work
and the finite element method is far to be complete. Thus
the selected examples will be considered a basic reference
fromwhich many other trials must be adequately performed,
since they could not be included in these pages because
they constitute independent research topics. For instance, a
detailed description of the computational complexity [12] of
both methods would provide a point of view less dependent
on the platform onwhich themethods are programmed; thus
we could focus our attention into the basic properties.

Still, we will remark an important characteristic of the
pseudoanalytic functions-based method. It provides infor-
mation about the solutions of the forwardDirichlet boundary
value problem for (1), that is not clear how to obtain when
utilizing the finite element method.

More precisely, the numerical approach based upon the
pseudoanalytic analysis reaches a full set of functions defined
at the boundary, that might contain relevant data if we desire
to examine the electrical impedance tomography problem.

For instance, let us consider the base functions {𝑢
𝑛
}2𝑁+1
𝑛=0

approached for the case when 𝜎 = 𝑒𝑥𝑦, as examined in
(50). The absolute values of the coefficients 𝛼

𝑛
, employed

for approaching the boundary condition 𝑢|
Γ

= 𝑒−𝑥𝑦, are
displayed in the semilogarithmic graphic of Figure 7. This
calculation was performed considering 𝑆 = 20001 sections,
𝐶 = 10001 samples per section, 𝑅 = 100 radii, 𝑃 = 101
points per radii, and𝑁 = 45 formal powers; thus we will have
2𝑁 + 1 = 91 base functions 𝑢

𝑛
, defined at the boundary Γ.
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(a) 𝜎 = 2 + sin(𝑥 + 𝑦)
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(b) 𝜎 = 2 + sin 5(𝑥 + 𝑦)

Figure 6: Examples of sinusoidal conductivity functions.

Table 11: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = 𝑥 + 𝑦 + 10.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 3.0640 × 10−6

100 100 45 10001 10001 2.3420 × 10−6

100 100 45 5001 5001 8.1962 × 10−6

100 100 45 2501 2501 1.9286 × 10−5

100 100 45 1001 1001 6.4916 × 10−5

100 100 45 501 501 1.5166 × 10−4

100 100 45 101 101 4.5938 × 10−4

Table 12: Relation between the error E and the number of formal powers𝑁, when 𝜎 = 𝑥 + 𝑦 + 10.

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 2.3420 × 10−6

100 100 35 10001 10001 1.0616 × 10−5

100 100 25 10001 10001 1.6275 × 10−5

100 100 15 10001 10001 1.8396 × 10−5

100 100 5 10001 10001 1.9909 × 10−5

Table 13: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = 2 + sin(𝑥 + 𝑦).

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 7.5333 × 10−2

100 100 45 10001 10001 7.6129 × 10−2

100 100 45 5001 5001 7.4343 × 10−2

100 100 45 2501 2501 6.9999 × 10−2

100 100 45 1001 1001 8.4363 × 10−2

100 100 45 501 501 6.4758 × 10−2

100 100 45 101 101 9.0737 × 10−2
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Table 14: Relation between the error E and the number of formal powers𝑁, when 𝜎 = 2 + sin(𝑥 + 𝑦).

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 7.6129 × 10−2

100 100 35 10001 10001 1.3551 × 10−1

100 100 25 10001 10001 2.0886 × 10−1

100 100 15 10001 10001 3.3854 × 10−1

100 100 5 10001 10001 5.3026 × 10−1

Table 15: Relation between the error E and the number of sections 𝑆 and samples per section 𝐶, when 𝜎 = 2 + sin 5(𝑥 + 𝑦).

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 20001 20001 7.5333 × 10−2

100 100 45 10001 10001 7.6129 × 10−2

100 100 45 5001 5001 7.4343 × 10−2

100 100 45 2501 2501 6.9999 × 10−2

100 100 45 1001 1001 8.4363 × 10−2

100 100 45 501 501 6.4758 × 10−2

100 100 45 101 101 9.0737 × 10−2
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Figure 7: Absolute values of the coefficients 𝛼
𝑛
employed for

approaching the boundary condition 𝑢|
Γ
= 𝑒−𝑥𝑦, utilizing the base

elements {𝑢
𝑛
} corresponding to the conductivity function 𝜎 = 𝑒𝑥𝑦.

Notice that in Figure 7 the values of the coefficients 𝛼
𝑛

possess a particular distribution, even we will not point an
evident pattern. But since the set {𝑢

𝑛
}2𝑁+1
𝑛=0

is an orthonormal
base, it can be used to approach any other boundary con-
dition. In particular, if we use this base for approaching the
condition

𝑢|
Γ
=
1

3
(𝑥 + 𝑦)

3

+ 0.1 (𝑥 + 𝑦) , (59)

that indeed corresponds to the conductivity 𝜎 = ((𝑥 + 𝑦)2+
0.1)−1, we will observe that the values of the coefficients 𝛼

𝑛
,

plotted in Figure 8, behave in a very different way.
As a complementary example, let us consider the base

functions {𝑢
𝑛
} corresponding to a Lorentzian conductivity

𝜎 = ((𝑥 + 𝑦)2 + 0.1)
−1 studied in Section 4.2. Figure 9

displays the absolute values of the coefficients 𝛼
𝑛
when we

impose the boundary condition 𝑢|
Γ
= (1/3)(𝑥 + 𝑦)3 +0.1(𝑥+

𝑦), as posed in (53).
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Figure 8: Absolute values of the coefficients 𝛼
𝑛
employed for

approaching the boundary condition 𝑢|
Γ
= (1/3)(𝑥 + 𝑦)3 + 0.1(𝑥 +

𝑦), utilizing the base elements {𝑢
𝑛
} corresponding to the conductiv-

ity function 𝜎 = 𝑒𝑥𝑦.

But if we impose a boundary condition of the form

𝑢|
Γ
= 𝑒−𝑥𝑦, (60)

upcoming from (51), we can appreciate, as plotted in Fig-
ure 10, that the absolute values of the obtained coefficients 𝛼

𝑛

are, once more, very different to those of Figure 9.
This implies that the behavior of the values of the coef-

ficients 𝛼
𝑛
could well serve as a criterion for understanding

if some conductivity function 𝜎 can effectively provoke a
certain electric potential distribution at the boundary Γ of
same domain Ω(R2), when physical measurements provide
the boundary condition.

Taking into account thatmost of the algorithms dedicated
to approach solutions of the electrical impedance tomogra-
phy problem recursively solve the forward problem [2], this
novel informationwill be used to introduce changes in𝜎; thus
the boundary condition is fulfilled with a better convergence,
and with less computational time.
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Table 16: Relation between the error E and the number of formal powers𝑁, when 𝜎 = 2 + sin 5(𝑥 + 𝑦).

Number of
radii 𝑅

Points per
radius 𝑃

Number of formal
powers𝑁

Number of
sections 𝑆

Collected values per
section 𝐶 E

100 100 45 10001 10001 7.6129 × 10−2

100 100 35 10001 10001 1.3551 × 10−1

100 100 25 10001 10001 2.0886 × 10−1

100 100 15 10001 10001 3.3854 × 10−1

100 100 5 10001 10001 5.3026 × 10−1
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Figure 9: Absolute values of the coefficients 𝛼
𝑛
employed for

approaching the boundary condition 𝑢|
Γ
= (1/3)(𝑥 + 𝑦)3 + 0.1(𝑥 +

𝑦), utilizing the base elements {𝑢
𝑛
} corresponding to the conductiv-

ity function 𝜎 = ((𝑥 + 𝑦)2 + 0.1)−1.
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Figure 10: Absolute values of the coefficients 𝛼
𝑛
employed for

approaching the boundary condition 𝑢|
Γ
= 𝑒−𝑥𝑦, utilizing the base

elements {𝑢
𝑛
} corresponding to the conductivity function 𝜎 =

((𝑥 + 𝑦)2 + 0.1)
−1.

Even it is not possible yet to estimate when this new
method will be employed to approach solutions for the
electrical impedance tomography problem, we will remark
that the main contribution of this work is to provide a new
technique for fully applying the elements of themodern Pseu-
doanalytic function theory into the analysis of conductivity
functions that originated fromphysical experimentalmodels,
which will certainly provide additional information for better
understanding the inverse Dirichlet boundary value problem
of (1) in the plane.

In other words, before this proposal, the mathematical
advances were exclusively improving the study of separable-
variables conductivity functions, rarely useful for represent-
ing physical cases.These pages have shown that, under certain
limits, any conductivity function is susceptible to be analyzed
employing pseudoanalytic functions, whether they possess
an exact mathematical form or not. As a matter of fact, it is
enough that the conductivity values are fully defined over the
points within a bounded domain Ω, with a smooth enough
boundary Γ. The research will continue to better understand
the limiting cases and the certain conditions of smoothness
of the boundary; thus the posed ideas can be adequately
employed in the applied sciences.

Disclosure

The numerical methods used along this work were fully
developed inGNUC/C++Compiler, employing a CPU64B@
2.4GHz, on SLACKWARE 13.37 LINUX operating system.
The experimental procedures showed that the numerical
results can vary when using different platforms based on 32B
and 64B processor architecture, or compilers between other
operating systems, including different LINUX distributions
or Registered Trade Mark operating systems. If the reader
wishes to performhis own numerical trials, please contact the
authors to obtain the resource codes.
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Frontiers in Mathematics, Birkhäuser, Basel, Switzerland, 2009.

[10] R. Castillo-Pérez, V. V. Kravchenko, and R. Reséndiz-Vázquez,
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New Characterization of an Improved Numerical
Method for Solving the Electrical Impedance
Equation in the Plane: An Approach from the

Modern Pseudoanalytic Function Theory
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Abstract—Employing an improved numerical method, we
approach solutions for the Dirichlet boundary value forward
problem of the Electrical Impedance Equation in the plane.
Some of the considered conductivity functions posses an exact
mathematical representation. The rest arise from geometrical
figures. Both classes of conductivity functions are analyzed
within bounded domains, emphasizing the results correspond-
ing to non-smooth boundaries, for which not any additional
regularization method was required.

Index Terms—Bers, Impedance, Non-smooth, Pseudoanalytic,
Vekua.

I. INTRODUCTION

THE elements of the modern Pseudoanalytic Function
Theory have allowed to establish the relation between

the two-dimensional Electrical Impedance Equation (1), and
a special class of Vekua equation [12].

More precisely, we are able to write the general solution
of the equation:

div (σgradu) = 0, (1)

where σ is the conductivity function, and u denotes the
electric potential, in terms of the so-called Taylor series in
formal powers [2]. The relation was first noticed in [8] and
[1], independently. After that, a variety of works dedicated
to the exact and numerical mathematical analysis, appeared
in the literature (see e.g. [7], [9] and [10]).

This new approach is very important because solving the
forward problem is fundamental if we are to understand the
inverse problem, commonly known as Electrical Impedance
Tomography [13].

These pages are dedicated to analyze the numerical solu-
tions for the Dirichlet boundary value forward problem of
(1) in the plane, employing an improved numerical method
presented in [10], and based upon a conjecture proposed in
[9].

The work includes a wide variety of examples, both ana-
lytic and geometrical, for representing electrical conductivity
functions. Indeed, every example is illustrated taking into
account a long enough quantity of parameters, thus we can
assert that we proposed a more detailed characterization

C. M. A. Robles G. is with the National Polytechnique Institute, ESIME
C. Mexico, cesar.robles@lasallistas.org.mx

A. Bucio R. is with the National Polytechnique Institute, UPIITA,
Mexico, ari.bucio@gmail.com

M. P. Ramirez T. is with the Communications and Digital Signal
Processing Group, Engineering Faculty of La Salle University, Mexico,
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Each author equally contributed to the research work.

of the improved numerical method, than those published
previously in [10] and [11].

The experimental results reported in further pages, can
be classified from two different points of view. The first
perspective would separate the results in two classes: Those
that correspond to exact mathematical representations of con-
ductivity functions, and those whose conductivity functions
arise from geometrical distributions. A second point of view
is to classify the results according to the domain within their
conductivity functions were defined. Hence, we would have
those that correspond to smooth-bounded domains, and those
upcoming from non-smooth-bounded domains.

The second point of view is the one to be considered,
because the last example exposed in these pages, corresponds
to one special case of non-smooth-bounded domain for which
not any additional regularization is required for approaching
the solution of the boundary value problem.

Indeed, this last example is based into a purely geomet-
rical conductivity function, which also includes non-smooth
points. Our objective is to show that even for this special
class of conductivity functions, and domains, the improved
numerical method is useful for approaching solutions of (1).

In this sense, the contribution of the present work is the
procedure for emphasizing the property cited in the last
paragraph, which was the headmost topic of [11] but where
the number of base functions for approaching the boundary
condition was limited, due to the technique employed for
obtaining the coefficients applied in the approximation. Here
we approach the boundary condition taking into account
almost twice the quantity of base functions considered in
[11]. Hence the current characterization shall be more rep-
resentative, because the significant increment in the number
of base functions enhances in the limiting cases where the
method works efficiently.

The conclusions are omitted because of the large quantity
of experimental results included in the work. As a matter
of fact, a proper description of the behavior of the method
along every posed example, is not available yet, and it would
be out of the scope of this paper.

II. PRELIMINARIES

In agreement with the Pseudoanalytic Function Theory
posed by L. Bers [2], we will consider a pair of complex-
valued functions (F,G), that satisfy the following condition:

Im
(
FG
)
> 0. (2)
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Here F = ReF − iImF is the complex conjugation of F ,
and i is the standard imaginary unit: i2 = −1.

Thus, any complex function W can be expressed by the
linear combination of F and G:

W = φF + ψG,

where φ and ψ are real-valued functions. Because of that,
the pair (F,G) is called (F,G)-generating pair

Professor Bers also introduced the concept of the (F,G)-
derivative of a complex function W , and the condition for
its existence. The derivative is given in conformity with the
expression

∂(F,G)W = (∂zφ)F + (∂zψ)G, (3)

and only exist iff

(∂zφ)F + (∂zψ)G = 0, (4)

where

∂z = ∂x − i∂y, ∂z = ∂x + i∂y.

The operators ∂z and ∂z are classically introduced with
the factor 1

2 , but for this work it will be more convenient to
work without it.

Set forth the functions

A(F,G) =
F∂zG−G∂zF
FG−GF , (5)

a(F,G) = −F∂zG−G∂zF
FG−GF ,

B(F,G) =
F∂zG−G∂zF
FG−GF ,

b(F,G) = −G∂zF − F∂zG
FG−GF ;

the (F,G)-derivative expression in (3) will become

∂(F,G)W = ∂zW −A(F,G)W −B(F,G)W, (6)

and the condition (4) will be written as

∂zW − a(F,G)W − b(F,G)W = 0. (7)

The expressions (5) are called characteristic coefficients
of the generating pair (F,G), whereas (7) is known as the
Vekua equation [12]. Indeed, every function W solution of
(7) is called an (F,G)-pseudoanalytic function.

The following statements were first proposed by [2], and
we shall appoint that they have been adapted for the present
work.

Theorem 1: Every element of the (F,G)-generating pair
is (F,G)-pseudoanalytic. Beside, the (F,G)-derivative of
these functions, introduced in (6), vanishes:

∂(F,G)F = ∂(F,G)G = 0.

Remark 1: Let us consider a non-vanishing function p
within a bounded domain Ω(R2). The functions

F0 = p, G0 =
i

p
, (8)

constitute a generating pair, whose characteristic coefficients
(5) are

A(F0,G0) = a(F0,G0) = 0, (9)

B(F0,G0) =
∂zp

p
,

b(F0,G0) =
∂zp

p
.

Definition 1: Supposed (F0, G0) and (F1, G1) as two
generating pairs in form of (9), their characteristic coeffi-
cients fulfil

B(F1,G1) = −b(F0,G0). (10)

Therefore, (F1, G1) will be referred as successor pair of
(F0, G0), since (F0, G0) will be called a predecessor of
(F1, G1).

Definition 2: Considering

{(Fm, Gm)} , m = 0,±1,±2, ...

as a set of generating pairs, where (Fm+1, Gm+1) is always a
successor of (Fm, Gm). The set {(Fm, Gm)} will be known
as a generating sequence. In addition, if there exist a number
c such that (Fm, Gm) = (Fm+c, Gm+c) the generating
sequence posses period c. Furthermore, if (F,G) = (F0, G0),
we will assert that (F,G) is embedded into {(Fm, Gm)}.

Theorem 2: Let (F0, G0) be a generating pair of the form
(8), and let p be a separable-variables function within a
bounded domain Ω(R2):

p = p1(x) · p2(y),

where x, y ∈ R. Thereby, (F0, G0) will be embedded into
a periodic generating sequence, with period c = 2. More
precisely, for an even number m the generating pair will
posses the form

Fm =
p2(y)

p1(x)
, Gm = i

p1(x)

p2(y)
;

whereas for an odd m we have

Fm = p1(x) · p2(y), Gm =
i

p1(x) · p2(y)
;

Moreover, if p1(x) ≡ 1, x ∈ Ω
(
R2
)
, it is easy to see that

the generating sequence in which (F0, G0) is embedded, will
be periodic with period c = 1.

L. Bers first stated the concept of the (F0, G0)-integral
of a complex-valued function W . On behalf of conciseness,
we refer the reader to the specialized literature [2] and [7],
for a complete and detailed description of the conditions for
the existence of such integral. In the following pages, every
complex function contained into an (Fm, Gm)-integral will
be, by definition, integrable.

Definition 3: Let (Fm, Gm) be a generating pair of the
form (8). According to the formulas

F ∗m = −iFm, G∗m = −iGm;

are defined the elements of the adjoin generating pair
(F ∗0 , G

∗
0).

Definition 4: The (Fm, Gm)-integral of a complex-valued
function W (if it exists [2]) is defined as:

∫

τ

Wd(Fm,Gm)z =
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= FmRe
∫

τ

G∗mWdz +GmRe
∫

τ

F ∗mWdz,

where τ is a rectifiable curve, connecting the fixed point
z0 with z = x + iy, within a bounded domain Ω, in
the complex plane. More precisely, when considering the
(Fm, Gm)-integral of the (Fm, Gm)-derivative of W , we will
obtain: ∫ z

z0

∂(Fm,Gm)W (z)d(Fm,Gm)z =

= −φ(z0)Fm(z)− ψ(z0)Gm(z) +W (z). (11)

In agreement with the Theorem 1, the (Fm, Gm)-derivatives
of Fm and Gm vanish identically. Hence the expression
(11) can be taken into as the (Fm, Gm)-antiderivative of
∂(Fm,Gm)W .

A. Formal Powers

Definition 5: The formal power Z(0)
m (a0, z0; z), associ-

ated to the generating pair (Fm, Gm), with formal degree 0,
complex constant coefficient a0, center at z0, and depending
upon z = x+iy, is defined in agreement with the expression:

Z(0)
m (a0, z0; z) = λFm(z) + µGm(z), (12)

where λ and µ are complex constants that fulfill the following
condition:

λFm(z0) + µGm(z0) = a0.

For approaching the formal powers with higher degrees
(n), it is necessary to employ the following recursive for-
mulas:

Z(n)
m (an, z0; z) =

= n

∫ z

z0

Z
(n−1)
(m−1) (an, z0; z) d(Fm,Gm)z,

where n = 1, 2, 3, ... Notice that the integral operators in
the right-hand side of the last expression are (Fm, Gm)-
antiderivatives.

Theorem 3: The formal powers hold on the following
properties:

1) Every Z
(n)
m (an, z0; z), being n = 0, 1, 2, 3, ... is an

(Fm, Gm)-pseudoanalytic function.
2) Let an = a′n + ia′′n, where a′n, a

′′
n ∈ R. The following

relation holds:

Z(n)
m (an, z0; z) =

= a′nZ
(n)
m (1, z0; z) + a′′nZ

(n)
m (i, z0; z) . (13)

3) For n = 0, 1, 2, 3, ... it holds that

lim
z→z0

Z(n)
m (an, z0; z) = an(z − z0)n. (14)

Theorem 4: Let W be an (Fm, Gm)-pseudoanalytic func-
tion. Thus, we can express it in terms of the so-called Taylor
series in formal powers:

W =
∞∑

n=0

Z(n)
m (an, z0; z) . (15)

Since every (Fm, Gm)-pseudoanalytic function W accepts
this expansion, (15) is an analytic representation of the
general solution for the Vekua equation (9).

B. The two-dimensional Electrical Impedance Equation.

Let us consider the Electrical Impedance Equation (1) in
the plane, and let the conductivity σ be a separable-variables
function:

σ(x, y) = σ1(x)σ2(y), (16)

As it has been shown in several previous works (e.g. [1], [8]
and [9]), introducing the following notations,

W =
√
σ (∂xu− i∂yu) ,

p =
(
σ−1

1 · σ2

) 1
2 ;

(17)

the two-dimensional case of the equation (1), can be rewritten
into a Vekua equation with form

∂zW −
∂zp

p
W = 0. (18)

As a matter of fact, a generating pair corresponding to this
Vekua equation is

F1 = p, G1 =
i

p
. (19)

Taking into account the theorem 2, the reader can notice
that this generating pair is embedded into a periodic generat-
ing sequence, with period c = 2, for p is separable-variables
function.

C. Numerical approach of the formal powers.

In [10], it was studied an improved numerical method for
approaching the elements the finite subset of formal powers:

{
Z

(n)
0 (1, 0; z), Z

(n)
1 (i, 0; z)

}N
n=0

, (20)

whose linear combination will allows to approach any pseu-
doanalytc function W , solution of (18). Furthermore, in [5], it
was proven that the real parts of the elements of (20), valued
at the boundary Γ of the domain Ω, constitute a complete
set to approach solutions for the Dirichlet boundary value
forward problem of (1) in the plane.

Since the results of the integral expressions (11) are path-
independent [2], the numerical calculations can be performed
on a set of radial trajectories, whose origin coincides with
the zero of the plane. Thus, the following procedure will be
employed in each radius R within the domain Ω, going from
the coordinates origin until the boundary Γ.

Let us consider τ as a radius R within, e.g., the unitary
circle with center at z0 = 0. For the interpolation process, we
will use P + 1 points equidistantly distributed on R, being
the first r[0] = 0 and the last r[P ] = 1:

{
r[p] =

p

P

}P
p=0

. (21)

We can immediately construct a set of coordinates according
to the formulas:

x[p] = r[p] cos θq, (22)
y[p] = r[p] sin θq;

where θq is the angle that matches to R. In agreement with
(8), the coordinates (22) will be employed to obtain the sets
of values

{F0(z[p]), G0(z[p])}, {F1(z[p]), G1(z[p])}; (23)
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where the complex numbers z[p] have the form:

z[p] = x[p] + iy[p].

The set of values of the adjoin pairs

{F ∗0 (z[p]), G∗0(z[p])}, {F ∗1 (z[p]), G∗1(z[p])} (24)

will have the form shown in the Definition 3.
From the expression (5), it follows that

Z
(0)
0 (1, 0; z[p]) = F0(z[p]),

Z
(0)
1 (1, 0; z[p]) = F1(z[p]);

Hereafter, each formal power with n > 0 will be always
approached considering P + 1 equidistant points within
the closed interval [0, 1]. Taking into account that not any
methodological difference takes place when approaching the
formal power with coefficients an = i, we will focus our
explanation for the cases when an = 1.

At this point, a numerical property first noticed in [9], for
approaching the formal powers, can significantly reduce the
computational resources invested in the complete procedure,
at the time it allows to employ the posed method for
analyzing non-separable variables conductivity functions.

The following statements were presented and proved in
[9], together with some representative examples.

Conjecture 1: Let σ be an arbitrary conductivity func-
tion defined within a bounded domain Ω

(
R2
)
. It can be

approached by means of a piece-wise separable-variables
function of the form:

σpw =





x+g
χ1−χ0+g · f1(y) : x ∈ [χ0, χ1) ;
x+g

χ2−χ1+g · f2(y) : x ∈ [χ1, χ2) ;
...

x+g
χK−χK−1+g · fK(y) : x ∈ [χK−1, χK ] ;

where g is a real constant such that x+ g 6= 0 : x ∈ Ω
(
R2
)
;

and {fk}Kk=1 are interpolating functions constructed with
a finite number of samples M of the function σ, valued
along an y-axis parallel line within the subdomains of Ω,
created when tracing the set of y-axis parallel lines {χk}Kk=0.
This piece-wise separable-variables conductivity function can
be employed for numerically approaching the set of formal
powers (24).

Proposition 1: [9] Let σ be an arbitrary conductivity
function defined within a bounded domain Ω

(
R2
)
. It can

be considered as the limiting case of a piece-wise separable-
variables function, with the form presented in the Conjecture
1, when the number of subdomains K and the number of
samples M at every subdomain, tend to infinite:

lim
K,M→∞

σpw = σ.

Furthermore, since:

lim
K,M→∞

x+ g

χk − χk−1 + g
= 1, k = 0, 1, ...,K;

according to the Theorem 2, the corresponding generating se-
quence will be periodic with period c = 1. This immediately
implies that

F0(z[p]) = F1(z[p]) = F (z[p]),

that shall simplify the construction of the sets (23) and (24).

Employing this property, the numerical formal powers
Z

(n)
0 (z[p]) at the points z[p] = x[p] + iy[p], located along

the radius R, can be approached employing a variation of
the trapezoidal integration method over the complex plane:

Z(n)(z[p]) = δF (z[p])·
·Re

p−1∑
s=0

(
Z(n−1)(z[s+ 1]) ·G∗ (z[s+ 1])

)
dz[s]+

+δF (z[p])Re
p∑
s=0

(
Z

(n−1)
1 (z[s]) ·G∗ (z[s])

)
dz[s]+

+δG(z[p])·
·Re

p−1∑
s=0

(
Z

(n−1)
1 (z[s+ 1]) · F ∗ (z[s+ 1])

)
dz[s]+

+δG(z[p])Re
p∑
s=0

(
Z

(n−1)
1 (z[s]) · F ∗ (z[s])

)
dz[s];

(25)
where

dz[s] = (z[s+ 1]− z[s]) ,

and δ is a real constant factor, empirically selected, that
contributes to the numerical stability of the method.

We shall remark that the use of the expression (25),
for approaching the formal powers, as it was appointed in
[9], implicitly performs a piecewise interpolating polynomial
function of degree 1, to relate every value Z(n)(z[p]), for
p = 0, 1, ..., P ; and n = 0, 1, ..., N ; taking into consideration
the third property of the Theorem 3, that implies ∀n > 0:

Z
(n)
0 (1, 0; z[0]) ≡ 0.

Performing the full procedure for a wide enough quantity
Q of radii R, each one corresponding to some angle θq:

{
θq = q · 2π

Q

}Q−1

q=0

, (26)

we will be able to approach the finite set
{

ReZ(n) (1, 0; z) , ReZ(n) (i, 0; z)
}N
n=0

, (27)

that once is valued at the boundary Γ of the domain Ω
(
R2
)
,

will provide a set of 2N + 1 base functions for approaching
solutions of the Dirichlet boundary value forward problem
of (1), when a boundary condition uc|Γ is imposed.

Indeed, the set (27) can be orthonormalized, conforming
a new base

{υ(n)
0 (l)}2Nn=0, l ∈ Γ, (28)

that can be interpolated by standard methods in order to
obtain continuous functions at Γ.

Summarizing, if the number of radii R, points per radius
P , and base functions 2N + 1, are adequate (as it will
be explained further), a boundary condition uc|Γ can be
approached by the linear combination:

uc|Γ ∼
2N+1∑

k=0

βkυk,

where the real constant coefficients βk are approached by the
standard inner product

βk = 〈υk, uc|Γ〉 =

∫

Γ

υk(l) · uc|Γ(l)dl. (29)
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III. EXPERIMENTAL RESULTS.

We will perform a characterization of the method, using
two classes of domains, and a variety of conductivity func-
tions. This characterization employs the optimized method,
first exposed in [10], using the Pseudoanalytic Function
Theory, and taking into account that we can analyze any con-
ductivity function, approaching the solution for the Dirichlet
boundary value forward problem.

In this work, we will empathize the behavior of the method
employing it into non-smooth domains, and comparing its
effectiveness with the results obtained when analyzing the
unitary disk. For both cases, we will use conductivity func-
tions with exact representation. More precisely, we will
examine exponential, Lorentzian, sinusoidal and polynomial
functions. But we will also study conductivity functions up-
coming from geometrical distributions, such like concentric
circles, a circle out of center but within the domain, and a
square.

A. The Unit Circle Domain.

The behavior of the method for this case, whenever the
conductivity possesses a separable-variables form or not, is
particularly stable. We refer the reader to the previous works
[3] and [10] for more details.

Here we will propose a methodology that reaches the
best approximation of the method, employing the Lebesgue
measure for introducing an error parameter E :

E =

(∫

Γ

(uc|Γ − uapp)2
dl

) 1
2

. (30)

where uapp represents the approached solution, according to
(21).

Employing a variation of the algorithm posed in [10],
we will only modify the number of formal powers N ,
since according to the work cited before, we know that
employing a bigger number of formal powers riches, a better
convergence. Also, we have detected that the number of radii
R, and of points per radius P , do not introduce significant
variations of E . That is why we will fix R = P = 200.

1) An Exponential Conductivity Case: We will consider
a non-separable variables exponential conductivity function
with the form

σ = eαxy, (31)

where α represents a coefficient that is used to change the
behavior of the function. In this case we impose the boundary
condition:

u|Γ = e−αxy. (32)

because it is an exact solution of (1), as appointed in [9].
Hereafter, we will employ the notation

M = 2N + 1.

We shall remember that Q represents the number of radii.
The Table I shows that when the maximum number of

formal powers increases, the convergence improves.

TABLE I
EXPONENTIAL CONDUCTIVITY FUNCTION σ = e−αxy .

M P Q α E
121 200 200 2 6.8875× 10−15

81 200 200 2 7.3145× 10−15

41 200 200 2 1.1101× 10−6

121 200 200 6 3.4109× 10−14

81 200 200 6 3.4243× 10−14

41 200 200 6 1.1768× 10−7

121 200 200 10 4.2244× 10−14

81 200 200 10 4.3088× 10−14

41 200 200 10 2.3561× 10−6

2) Lorentzian Conductivity Function: For this case we
propose a conductivity function with the form:

σ =
(
(x+ dx)2 + Lc

)−1 ·
(
(y + dy)2 + Lc

)−1
, (33)

where dx and dy represent displacements over the x-axis and
y-axis respectively, and Lc denotes a real constant.

We will imposed the boundary condition [9]:

u|Γ =
1

3
(x+dx)3 +

1

3
(y+dy)3 +Lc(x+dx+y+dy); (34)

since it is an exact solution of (1).

TABLE II
LORENTZIAN CONDUCTIVITY FUNCTION.

M P Q Lc E
121 200 200 0.2 2.4113× 10−13

81 200 200 0.2 2.1746× 10−9

41 200 200 0.2 2.5924× 10−5

121 200 200 0.4 1.5266× 10−15

81 200 200 0.4 3.8584× 10−12

41 200 200 0.4 1.2505× 10−6

121 200 200 0.6 2.1483× 10−15

81 200 200 0.6 4.3463× 10−14

41 200 200 0.6 1.4775× 10−7

121 200 200 0.8 2.1948× 10−15

81 200 200 0.8 2.5350× 10−15

41 200 200 0.8 2.7502× 10−8

We propose Lc = {0.2, 0.4, 0.6, 0.8}, whereas, for this
case, dx = dy = 0. In the Table II the reader can notice that,
every time the number of formal powers increases, the error
decreases considerably. We also notice that if we use a small
value of Lc, the error grows significantly.

3) Polynomial Conductivity Function: In this case, we use
a polynomial conductivity function:

σ = α+ Cx+ Cy, (35)

imposing a boundary condition

u|Γ = ln (α+ Cx+ Cy) , (36)

where α and C are constants such that α + Cx + Cy >
0, ∀x, y ∈ Ω [9].

The Table III, shows that the increment of M provides
better convergence.

4) Sinusoidal Conductivity Function: Let us consider a
conductivity function with the form

σ = (α+ cosωπx) (α+ sinωπy) , (37)

We selected to impose a boundary condition:

u|Γ =

(
tanxy

2
+ 1

)−1

. (38)
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TABLE III
POLYNOMIAL CONDUCTIVITY FUNCTION σ = α+ Cx+ Cy.

M P Q α C E
121 200 200 10 2 5.4318× 10−15

81 200 200 10 2 5.4318× 10−15

41 200 200 10 2 5.4398× 10−15

121 200 200 10 4 4.2384× 10−15

81 200 200 10 4 4.2384× 10−15

41 200 200 10 4 5.2431× 10−12

121 200 200 10 6 5.5207× 10−15

81 200 200 10 6 5.9757× 10−12

41 200 200 10 6 1.3718× 10−6

Fig. 1. First Geometrical Case: Two disks within the domain Ω, whose
centers coincide.

It is necessary to remark that this function is not an exact
solution of (1). Indeed, as posed in [9], it is an exact solution
only for the case when σ = 1 + sinxy. But the example
becomes interesting when pointing out that, in general, the
exact solutions of (1) when σ possesses the form (37), are
unknown. Thus, this example is included to better illustrate
the effectiveness of the method when arbitrary parameters
are introduced in the analysis.

TABLE IV
SINUSOIDAL CONDUCTIVITY FUNCTION.

M P Q α ω E
121 200 200 5 2 7.8123× 10−12

41 200 200 5 2 8.5330× 10−5

121 200 200 5 6 4.5940× 10−5

41 200 200 5 6 2.7620× 10−2

121 200 200 5 10 3.5433× 10−3

41 200 200 5 10 1.9455× 10−1

121 200 200 10 2 1.2539× 10−14

41 200 200 10 2 9.2312× 10−6

121 200 200 10 6 4.0830× 10−6

41 200 200 10 6 1.1964× 10−2

121 200 200 10 10 8.5638× 10−4

41 200 200 10 10 9.7005× 10−2

The Table IV shows that when we increase M , we obtain
a better convergence, but the results are the opposite if α or
ω increase. In this sense, the Table IV offers the opportunity
for establishing a limiting example for which the method is
valid.

5) First Geometrical Case: We propose a geometrical
conductivity distribution inside the domain Ω, displayed in
the Figure 1. It consists of two disks, whose centers coincide
at the origin. The red section represents σ = 100, whereas
the blue section indicates σ = 10. The radius of the red

Fig. 2. Disk displaced from the center. Any other displacement can be
considered a rotation of this example.

section is denoted by r.
As it was previously indicated in [9], to establish a bound-

ary condition without performing physical measurements,
becomes a non-trivial task for conductivity functions arising
from geometrical figures. That is why, hereafter, we will
employ the boundary condition (34). The selection of this
condition was arbitrary, being useful only for appreciating
the behavior of the numerical method.

TABLE V
FIRST GEOMETRICAL CASE: RD INDICATES THE VALUE OF THE RED

DISK, WHEREAS BD REPRESENTS THE BLUE DISK.

M P Q r RD BD E
121 200 200 0.2 10 100 5.3266× 10−15

41 200 200 0.2 10 100 7.1940× 10−15

121 200 200 0.4 10 100 6.0657× 10−15

41 200 200 0.4 10 100 8.1351× 10−15

121 200 200 0.6 10 100 4.3213× 10−15

41 200 200 0.6 10 100 5.2102× 10−15

121 200 200 0.8 10 100 3.4712× 10−15

41 200 200 0.8 10 100 4.4355× 10−15

The Table V shows that the convergence increments when
the number of formal powers M slightly increase. This
behavior is also present when changing the magnitude of
the radius r, exception done for the case when r ∼ R, the
radius of the unit circle.

6) A variation of the First Geometrical Case: The al-
teration is the displacement of the disk with conductivity
σ = 100, whose center is located at x = 0.25, y = 0.

Once more, the boundary condition is a variation of (34),
noticing that, on behalf of simplicity, we have fixed Lc = 0.5,
as displayed in Figure 2:

u|Γ =
1

3
(x+ 0.25)3 +

1

3
y3 + 0.5(x+ 0.25 + y),

The table VI illustrates that if we use a bigger number
of base functions M , the convergence increases, but what
it becomes interesting with this example is the diameter of
the red disk, which provokes significant variations in the
convergence. Notice any other displacement of the interior
disk, can be considered a geometrical rotation to the case we
have studied in this section. Thus, the numerical results are
fully equivalent to those reported here.

7) Second Geometrical Case: We propose a geometrical
conductivity function consisting in one disk and four rings,
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TABLE VI
VARIATION OF THE FIRST GEOMETRICAL CASE: RD INDICATES THE

VALUE OF THE RED DISK, WHEREAS BD REPRESENTS THE BLUE DISK.

M P Q r RD BD E
121 200 200 0.2 10 100 3.8194× 10−2

41 200 200 0.2 10 100 8.4548× 10−2

121 200 200 0.4 10 100 4.6197× 10−3

41 200 200 0.4 10 100 7.2787× 10−3

121 200 200 0.6 10 100 3.2798× 10−3

41 200 200 0.6 10 100 4.4617× 10−3

121 200 200 0.8 10 100 9.8760× 10−2

41 200 200 0.8 10 100 2.0676× 10−1

Fig. 3. Concentric disk and rings. The disk r1 = 0.2 represents σ = 100;
the ring delimited by the circles r2 = 0.4 and r1 represents σ = 30; for
r3 = 0.6 and r2 we have σ = 20; for r4 = 0.8 and r3 it is σ = 15;
finally for R = 1 and r4 we have σ = 10.

within the unit circle, whose centers concur, as displayed
in Figure 3. The disk with radius r1 = 0.2 represents
σ = 100, the ring delimited by r2 = 0.4 and r1 possesses a
conductivity σ = 30. For the ring between r3 = 0.6 and r2

we have σ = 20, whereas for the one within r4 = 0.8 and
r3 exhibits σ = 15. Finally, the exterior ring delimited by
R = 1 and r4 the conductivity is σ = 10.

The imposed boundary condition will be

u|Γ =
1

3
(x3 + y3) + 0.5(x+ y).

The table VII shows that when the number M increases,
the convergence improves. It is interesting that the value of
the error E does not increase by the diminution of the base
functions M .

TABLE VII
A CONDUCTIVITY FUNCTION COMPOSED BY ONE DISK AND FOUR

RINGS. HERE THE NUMBER OF RADII AND THE POINTS PER RADIUS ARE
BOTH FIXED AT 200.

M P Q E
121 200 200 3.0440× 10−15

101 200 200 3.0216× 10−15

61 200 200 2.9303× 10−15

21 200 200 2.8133× 10−15

The Table VIII illustrates another interesting property of
this example, for the error E does not experience significant
changes when increasing the number of radii R and the
number of points per radius Q. Nevertheless, the smaller
error appears when less base functions are employed. This
characteristic shall be studied with more detail in other
works.

TABLE VIII
A CONDUCTIVITY FUNCTION COMPOSED BY ONE DISK AND FOUR

RINGS. A COMPLEMENTARY EXAMPLE.

M P Q E
61 1000 200 5.0324× 10−15

61 600 200 5.4919× 10−15

61 200 200 2.9303× 10−15

41 1000 200 4.8146× 10−15

41 600 200 5.3062× 10−15

41 200 200 2.8885× 10−15

21 1000 200 4.3974× 10−15

21 600 200 4.9358× 10−15

21 200 200 2.8133× 10−15

Fig. 4. A non-smooth figure is located within the unitary circle. One radius
has been located at every non-smoothness of the square, being a = 0.65,
so they are necessarily considered in the calculations.

8) Third Geometrical Case. A Non-Smooth Figure Within
the Unit Circle: This case is representative because it could
require additional regularization techniques, if it was solved
with classical methods, as the variations of the Finite Element
Method. The figure into the domain is a perfect square,
whose apothem is a = 0.65. Beside, every corner of the
square has the same distance to the center of the unit circle.
We forced four radii to cross every corner, thus the non-
smoothness of the figure is effectively considered into the
calculations. The area of the square will represent σ = 100,
whereas the rest of the domain will possess σ = 10.

The boundary condition, once more, will be:

u|Γ =
1

3
(x3 + y3) + 0.5(x+ y).

When compared to the other examples, the Table IX
illustrates that the error E is considerably bigger. To explain
this, we shall point out that the boundary condition was
arbitrarily imposed, thus the error is expected to decrease
when a physical measured is performed. Still, we could assert
that the convergence of the method is stable from a certain
point of view, since E decreases when the number of base
functions M grows.

TABLE IX
A NON-SMOOTH FIGURE LOCATED WITHIN THE UNITARY CIRCLE.

M P Q E
121 200 200 1.3229× 10−2

101 200 200 1.6389× 10−2

81 200 200 2.2319× 10−2

61 200 200 3.0232× 10−2

41 200 200 5.4568× 10−2

21 200 200 1.1610× 10−1
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Fig. 5. Non-smooth conductivity exponential case.

We shall also enhance that, according to the information of
the Table X, the convergence of the method does not improve
when increasing the number of radii R and the number of
points per radius Q.

TABLE X
A NON-SMOOTH FIGURE LOCATED WITHIN THE UNITARY CIRCLE: A

COMPLEMENTARY EXAMPLE.

M P Q E
121 500 500 2.9031× 10−2

101 500 500 3.2493× 10−2

81 500 500 3.8417× 10−2

61 500 500 4.6756× 10−2

41 500 500 6.7906× 10−2

21 500 500 1.2200× 10−1

B. Brief Study of Conductivity Functions Within a Non-
Smooth Domain.

The Figure 5 illustrate a domain Ω conformed by a unit
circle with radius R = 1, just as in the examples posed
before, but only defined within the interval x ∈

(
−1, cos π

10

)
;

and a triangular area quoted by the line segments y0(x) =
cos π

10 , y1 = k1x + k2 and y2 = −k1x + k2. Indeed, we
will employ the same parameters posed in [9] and [11]. This
is: k1 = 0.5629 and k2 = 0.8443. It will be also useful to
introduce a parameter b, that will denote the distance between
the coordinates origin and the intersection of the lines y1 and
y2.

We remark that, for all cases shown further, the boundary
conditions do not correspond to analytic solutions of (1), but
they are all variations of a Lorentzian case. This will allow us
to enhance the effectiveness of the method in what it could
be considered exalted non-smoothness points at the boundary
Γ.

Notice that the reference to the Figure 5 is exclusively for
illustrating the shape of the non-smooth domain, since every
example will consider a different class of conductivity.

1) An Exponential Conductivity Function: As before, let
us suppose a conductivity function with the form

σ = eαxy,

We will examine the cases α = 2, 4, 6, 8, 10, imposing the
boundary condition (34), noticing only that it will be valued,
as all cases hereafter, at the boundary Γ of the domain
presented in the paragraph above.

TABLE XI
EXPONENTIAL CONDUCTIVITY FUNCTION IN A NON-SMOOTH DOMAIN:

σ = eαxy .

M P Q b α E
121 200 200 1.0 2 7.7189× 10−5

101 200 200 1.0 2 1.1321× 10−4

41 200 200 1.0 2 5.4926× 10−4

21 200 200 1.0 2 2.3060× 10−3

121 200 200 1.0 4 1.8890× 10−4

101 200 200 1.0 4 2.4912× 10−4

41 200 200 1.0 4 9.7697× 10−4

21 200 200 1.0 4 4.1727× 10−3

121 200 200 1.0 6 3.8650× 10−6

101 200 200 1.0 6 5.3340× 10−4

41 200 200 1.0 6 1.1522× 10−3

21 200 200 1.0 6 8.2815× 10−3

121 200 200 1.0 8 5.8860× 10−5

101 200 200 1.0 8 8.2280× 10−4

41 200 200 1.0 8 3.4367× 10−3

21 200 200 1.0 8 1.5269× 10−2

121 200 200 1.0 10 7.5198× 10−4

101 200 200 1.0 10 1.0642× 10−3

41 200 200 1.0 10 4.6709× 10−3

21 200 200 1.0 10 3.2356× 10−2

For the Table XI, we do observe a diminution of the error
when increasing the number of base functions M . Notice we
have fixed the parameter b = 1.

As a complementary experiment, the table XII shows the
results of the case when we fix b = 1.5.

TABLE XII
EXPONENTIAL CONDUCTIVITY FUNCTION IN NON-SMOOTH DOMAIN:

SECOND EXAMPLE.

M P Q b α E
121 200 200 1.5 2 1.9190× 10−3

101 200 200 1.5 2 1.4889× 10−3

41 200 200 1.5 2 3.8482× 10−4

21 200 200 1.5 2 6.1853× 10−4

121 200 200 1.5 4 7.8734× 10−3

101 200 200 1.5 4 4.6606× 10−3

41 200 200 1.5 4 1.5679× 10−3

21 200 200 1.5 4 5.5688× 10−3

121 200 200 1.5 6 5.5224× 10−3

101 200 200 1.5 6 5.0001× 10−3

41 200 200 1.5 6 3.0569× 10−3

21 200 200 1.5 6 1.2475× 10−2

121 200 200 1.5 8 1.1044× 10−2

101 200 200 1.5 8 8.9217× 10−3

41 200 200 1.5 8 4.5972× 10−3

21 200 200 1.5 8 2.2350× 10−2

121 200 200 1.5 10 2.0529× 10−2

101 200 200 1.5 10 1.2371× 10−2

41 200 200 1.5 10 6.1075× 10−3

21 200 200 1.5 10 4.1741× 10−2

The Table XII displays an abnormal behavior, since the
error E does not decrease as the number of base functions
M grows. The behavior becomes even more interesting when
performing the experiment for b = 2. The table XIII shows
that, for the cases when α is big enough, the error increases
when M does. For this, it is convenient to remark that the
non-smoothness is notorious.

We do not show the behavior when a variation is intro-
duced in the number of radii R, since it affects only when a
geometrical figure is placed within the domain. This analysis
will be exposed in further paragraphs.

2) Lorentzian Conductivity Function: Let us propose σ in
the form (33), imposing the condition (34).
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TABLE XIII
EXPONENTIAL CONDUCTIVITY FUNCTION IN NON-SMOOTH DOMAIN: A

THIRD EXAMPLE.

M P Q b α E
121 200 200 2.0 2 2.9221× 10−2

101 200 200 2.0 2 2.2211× 10−2

41 200 200 2.0 2 4.7667× 10−3

21 200 200 2.0 2 1.0047× 10−2

121 200 200 2.0 4 2.9221× 10−2

101 200 200 2.0 4 2.2211× 10−2

41 200 200 2.0 4 4.7667× 10−3

21 200 200 2.0 4 1.0047× 10−2

121 200 200 2.0 6 2.9221× 10−2

101 200 200 2.0 6 2.2211× 10−2

41 200 200 2.0 6 4.7607× 10−3

21 200 200 2.0 6 1.0047× 10−2

121 200 200 2.0 8 2.5025× 10−1

101 200 200 2.0 8 1.8884× 10−1

41 200 200 2.0 8 1.5368× 10−2

21 200 200 2.0 8 3.6063× 10−2

121 200 200 2.0 10 6.8271× 10−1

101 200 200 2.0 10 4.9283× 10−1

41 200 200 2.0 10 2.1281× 10−2

21 200 200 2.0 10 6.4350× 10−2

Employing the methodology posed above, we begin the
experiments fixing P = Q = 200, considering b = 1.
The results are shown in the table XIV. Similarly to the
exponential case with b = 1 in the non-smooth domain,
the increment of the number of base functions M gives
to us a better convergence in the numerical method. And
once more, this is not valid when b = 1.5, as showed in
the Table XV. Moreover, the Table XVI indicates that for
such non-smoothness, when b = 2, the method presents an
unexpected behavior, since when M increases, the error E
changes without a clear pattern.

TABLE XIV
LORENTZIAN CONDUCTIVITY FUNCTION IN NON-SMOOTH DOMAIN.

M P Q b Lc E
121 200 200 1.0 0.2 3.7046× 10−4

101 200 200 1.0 0.2 5.4768× 10−4

41 200 200 1.0 0.2 2.5055× 10−3

21 200 200 1.0 0.2 7.8163× 10−3

121 200 200 1.0 0.4 3.7511× 10−4

101 200 200 1.0 0.4 5.5286× 10−4

41 200 200 1.0 0.4 2.5378× 10−3

21 200 200 1.0 0.4 8.9281× 10−3

121 200 200 1.0 0.6 3.8343× 10−4

101 200 200 1.0 0.6 5.6391× 10−4

41 200 200 1.0 0.6 2.6002× 10−3

21 200 200 1.0 0.6 9.3482× 10−3

121 200 200 1.0 0.8 3.9114× 10−4

101 200 200 1.0 0.8 5.7438× 10−4

41 200 200 1.0 0.8 2.6563× 10−3

21 200 200 1.0 0.8 9.6121× 10−3

3) Polynomial Conductivity Function: Let us propose a
conductivity function with the form (35), with a boundary
condition (34). The behavior is regular when b = 1, as
displayed in the values of the Table XVII. But once again,
when b = 1.5, we can not notice the presence of a pattern, as
the reader can verify in the Table XVIII. The method behaves
abnormally when b = 2, according to the values of the Table
XIX.

TABLE XV
LORENTZIAN CONDUCTIVITY FUNCTION IN NON-SMOOTH DOMAIN: A

SECOND EXAMPLE.

M P Q b Lc E
121 200 200 1.5 0.2 2.1045× 10−2

101 200 200 1.5 0.2 1.3569× 10−2

41 200 200 1.5 0.2 3.9952× 10−3

21 200 200 1.5 0.2 1.5850× 10−2

121 200 200 1.5 0.4 1.4743× 10−2

101 200 200 1.5 0.4 9.4131× 10−3

41 200 200 1.5 0.4 3.6909× 10−3

21 200 200 1.5 0.4 1.3262× 10−2

121 200 200 1.5 0.6 1.9460× 10−2

101 200 200 1.5 0.6 1.2236× 10−2

41 200 200 1.5 0.6 3.5889× 10−3

21 200 200 1.5 0.6 1.2248× 10−2

121 200 200 1.5 0.8 2.5640× 10−2

101 200 200 1.5 0.8 1.6610× 10−2

41 200 200 1.5 0.8 3.5508× 10−3

21 200 200 1.5 0.8 1.1735× 10−2

TABLE XVI
LORENTZIAN CONDUCTIVITY FUNCTION IN NON-SMOOTH DOMAIN: A

THIRD EXAMPLE.

M P Q b Lc E
121 200 200 2.0 0.2 2.7463× 10−1

101 200 200 2.0 0.2 2.0323× 10−1

41 200 200 2.0 0.2 1.9108× 10−2

21 200 200 2.0 0.2 4.3151× 10−2

121 200 200 2.0 0.4 1.9367× 10−2

101 200 200 2.0 0.4 1.8948× 10−2

41 200 200 2.0 0.4 1.5901× 10−2

21 200 200 2.0 0.4 3.5373× 10−2

121 200 200 2.0 0.6 2.8857× 10−2

101 200 200 2.0 0.6 2.4264× 10−2

41 200 200 2.0 0.6 1.4621× 10−2

21 200 200 2.0 0.6 3.2738× 10−2

121 200 200 2.0 0.8 2.1095× 10−1

101 200 200 2.0 0.8 1.5468× 10−1

41 200 200 2.0 0.8 1.3982× 10−2

21 200 200 2.0 0.8 3.1410× 10−1

4) Sinusoidal Conductivity Function: Suppose that the
conductivity function is expressed as

σ = (α+ cosωπx) (α+ sinωπy) , (39)

where α is a coefficient such that σ > 1. For this case, the
condition to be imposed is

u|Γ =
1

3
(x3 + y3) + 0.5(x+ y). (40)

The Table XX reports that the behavior for b = 1 becomes
unstable when ω > 4. According to the Table XXI, when
b = 1.5, the method becomes unstable when ω > 6,
which was indeed not expected when analyzing the previous
examples of conductivity functions. Already in the Table
XXII we observe that the error E behaves without a pattern
for ω > 4.

5) First Example of Geometrical Conductivity: Let us
consider a geometrical conductivity function σ, such as the
one posed in the Figure 6, a circle whose center coincides
with the origin and with radius r = 0.2, also possessing a
conductivity σ = 100, whereas the rest of the non-smooth
domain has σ = 10.

For this example, the imposed condition is (40). The table
XXIII indicates the existence of a pattern between the num-
ber of base functions M and the error E , for the case b = 1.
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TABLE XVII
POLYNOMIAL CONDUCTIVITY IN A NON-SMOOTH DOMAIN.

M P Q b α C E
121 200 200 1.0 10 2 1.4507× 10−4

101 200 200 1.0 10 2 2.0777× 10−4

41 200 200 1.0 10 2 9.4643× 10−4

21 200 200 1.0 10 2 3.5689× 10−3

121 200 200 1.0 10 4 1.2662× 10−4

101 200 200 1.0 10 4 1.7973× 10−4

41 200 200 1.0 10 4 8.1138× 10−4

21 200 200 1.0 10 4 3.1555× 10−3

121 200 200 1.0 10 6 1.0788× 10−4

101 200 200 1.0 10 6 1.5092× 10−4

41 200 200 1.0 10 6 6.6334× 10−4

21 200 200 1.0 10 6 2.7058× 10−3

TABLE XVIII
POLYNOMIAL CONDUCTIVITY IN NON-SMOOTH DOMAIN: SECOND

EXAMPLE.

M P Q b α C E
121 200 200 1.5 10 2 5.1091× 10−3

101 200 200 1.5 10 2 3.3772× 10−3

41 200 200 1.5 10 2 1.1974× 10−3

21 200 200 1.5 10 2 3.2404× 10−3

121 200 200 1.5 10 4 3.4689× 10−3

101 200 200 1.5 10 4 2.3707× 10−3

41 200 200 1.5 10 4 1.0601× 10−3

21 200 200 1.5 10 4 2.8097× 10−3

121 200 200 1.5 10 6 5.6592× 10−3

101 200 200 1.5 10 6 3.5610× 10−3

41 200 200 1.5 10 6 9.3362× 10−4

21 200 200 1.5 10 6 2.3665× 10−3

The pattern is kept for the case when b = 1.5, according to
the results presented in the Table XXIV. Nevertheless, for
b = 2 we do not detect the pattern anymore, as shown in the
Table XXV.

6) Second Example of Geometrical Conductivity: This
example is a variation of the previous one, since the red disk
with radius r = 0.2 locates its center at x = 0.25 and y = 0.
Once more, the red disk represents σ = 100, and the rest
of the domain possesses σ = 10. The boundary condition is
again the expression (40).

This example is interesting, because it possesses a pattern
between the number of base functions M and the values
of the errors E when b = 1 and b = 1.5, according to the
values shown in the Tables XXVI and XXVII. The exception
appears when b = 2, as reported in the Table XXVIII.

7) Third Example of Geometrical Conductivity: For this
case, the conductivity function is composed as follows: one

Fig. 6. First example of geometrical conductivity within a non-smooth
domain. The red disk represents σ = 100 and the blue section σ = 10.

TABLE XIX
POLYNOMIAL CONDUCTIVITY IN NON-SMOOTH DOMAIN: THIRD

EXAMPLE.

M P Q b α C E
121 200 200 2.0 10 2 5.9419× 10−2

101 200 200 2.0 10 2 4.4223× 10−2

41 200 200 2.0 10 2 3.9702× 10−3

21 200 200 2.0 10 2 9.2331× 10−3

121 200 200 2.0 10 4 7.5193× 10−2

101 200 200 2.0 10 4 5.5540× 10−2

41 200 200 2.0 10 4 3.4802× 10−3

21 200 200 2.0 10 4 8.2482× 10−3

121 200 200 2.0 10 6 1.2689× 10−2

101 200 200 2.0 10 6 1.2223× 10−2

41 200 200 2.0 10 6 3.0911× 10−3

21 200 200 2.0 10 6 7.5234× 10−3

TABLE XX
SINUSOIDAL CONDUCTIVITY FUNCTION.

M P Q b α ω E
121 200 200 1.0 10 2 1.5628× 10−4

101 200 200 1.0 10 2 2.2878× 10−4

41 200 200 1.0 10 2 1.1579× 10−3

21 200 200 1.0 10 2 4.9768× 10−3

121 200 200 1.0 10 4 1.5644× 10−4

101 200 200 1.0 10 4 2.3374× 10−4

41 200 200 1.0 10 4 2.6001× 10−3

21 200 200 1.0 10 4 4.3351× 10−3

121 200 200 1.0 10 6 1.7351× 10−4

101 200 200 1.0 10 6 2.6993× 10−4

41 200 200 1.0 10 6 1.2813× 10−2

21 200 200 1.0 10 6 7.1034× 10−2

121 200 200 1.0 10 8 7.1695× 10−4

101 200 200 1.0 10 8 1.0520× 10−3

41 200 200 1.0 10 8 5.2719× 10−2

21 200 200 1.0 10 8 7.7114× 10−2

121 200 200 1.0 10 10 7.9694× 10−4

101 200 200 1.0 10 10 1.1403× 10−3

41 200 200 1.0 10 10 6.7853× 10−2

21 200 200 1.0 10 10 8.2767× 10−2

Fig. 7. Second example of geometrical conductivity within a non-smooth
domain. The red disk represents σ = 100 and the blue section σ = 10.

disk with radius r1 = 0.2 representing σ = 100, the ring
delimited by r2 = 0.4 and r1 possessing a conductivity σ =
30, another ring between r3 = 0.6 and r2 having σ = 20,
whereas the one within r4 = 0.8 and r3 exhibits σ = 15.
Finally, the remaining value within the boundary is σ = 10.
One more time, the boundary condition is the expression
(40). The behavior of the method is only stable for the case
when b = 1. The cases b = 1.5 and b = 2 do not show any
patterns to be discussed. The results are summarized in the
Table XXIX.
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TABLE XXI
SINUSOIDAL CONDUCTIVITY FUNCTION: A SECOND EXAMPLE.

M P Q b α ω E
121 200 200 1.5 10 2 2.3734× 10−3

101 200 200 1.5 10 2 1.7035× 10−3

41 200 200 1.5 10 2 1.2907× 10−3

21 200 200 1.5 10 2 5.3456× 10−3

121 200 200 1.5 10 4 3.5305× 10−3

101 200 200 1.5 10 4 2.2305× 10−3

41 200 200 1.5 10 4 1.4848× 10−3

21 200 200 1.5 10 4 4.6142× 10−2

121 200 200 1.5 10 6 1.9220× 10−2

101 200 200 1.5 10 6 1.1637× 10−2

41 200 200 1.5 10 6 1.8806× 10−2

21 200 200 1.5 10 6 9.3615× 10−2

121 200 200 1.5 10 8 1.2419× 10−1

101 200 200 1.5 10 8 8.3360× 10−2

41 200 200 1.5 10 8 6.3304× 10−2

21 200 200 1.5 10 8 9.2504× 10−2

121 200 200 1.5 10 10 1.0707× 10−1

101 200 200 1.5 10 10 6.8588× 10−1

41 200 200 1.5 10 10 8.5009× 10−2

21 200 200 1.5 10 10 1.0212× 10−1

TABLE XXII
SINUSOIDAL CONDUCTIVITY FUNCTION: A THIRD EXAMPLE.

M P Q b α ω E
121 200 200 2.0 10 2 7.8761× 10−2

101 200 200 2.0 10 2 5.9083× 10−2

41 200 200 2.0 10 2 4.7198× 10−3

21 200 200 2.0 10 2 3.4681× 10−2

121 200 200 2.0 10 4 3.3441× 10−1

101 200 200 2.0 10 4 2.4975× 10−1

41 200 200 2.0 10 4 1.4579× 10−2

21 200 200 2.0 10 4 8.3672× 10−2

121 200 200 2.0 10 6 5.7939× 10−1

101 200 200 2.0 10 6 4.1222× 10−1

41 200 200 2.0 10 6 6.3855× 10−2

21 200 200 2.0 10 6 1.0279× 10−1

121 200 200 2.0 10 8 5.7939× 10−1

101 200 200 2.0 10 8 4.1222× 10−1

41 200 200 2.0 10 8 6.3835× 10−2

21 200 200 2.0 10 8 1.0279× 10−1

121 200 200 2.0 10 10 6.5661× 10−1

101 200 200 2.0 10 10 4.9436× 10−1

41 200 200 2.0 10 10 9.5676× 10−2

21 200 200 2.0 10 10 1.1995× 10−1

Fig. 8. Third example of geometrical conductivity within a non-smooth
domain. Combination of a disk and concentric rings, within a non-smooth
domain.

8) Fourth Example of Geometrical Conductivity: To de-
scribe the conductivity posed in Figure 9 is better to resemble
the square within the unit circle posed before. For this case,
the unit circle shall be substituted for the non-smooth domain
described at the beginning of the Section. We shall only

TABLE XXIII
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 1.

M P Q b r E
121 200 200 1.0 0.2 5.2372× 10−4

101 200 200 1.0 0.2 6.6056× 10−4

41 200 200 1.0 0.2 1.2839× 10−3

21 200 200 1.0 0.2 4.5100× 10−3

121 200 200 1.0 0.4 5.0633× 10−4

101 200 200 1.0 0.4 5.9736× 10−4

41 200 200 1.0 0.4 1.1950× 10−3

21 200 200 1.0 0.4 4.5522× 10−3

121 200 200 1.0 0.6 2.7401× 10−4

101 200 200 1.0 0.6 3.2291× 10−4

41 200 200 1.0 0.6 1.1389× 10−3

21 200 200 1.0 0.6 4.8769× 10−3

121 200 200 1.0 0.8 4.3356× 10−4

101 200 200 1.0 0.8 4.6767× 10−4

41 200 200 1.0 0.8 1.4232× 10−3

21 200 200 1.0 0.8 5.3167× 10−3

TABLE XXIV
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 1.5.

M P Q b r E
121 200 200 1.5 0.2 9.5416× 10−3

101 200 200 1.5 0.2 6.2105× 10−3

41 200 200 1.5 0.2 1.9162× 10−3

21 200 200 1.5 0.2 4.4915× 10−3

121 200 200 1.5 0.4 1.0555× 10−2

101 200 200 1.5 0.4 6.5522× 10−3

41 200 200 1.5 0.4 1.7201× 10−3

21 200 200 1.5 0.4 4.3942× 10−3

121 200 200 1.5 0.6 1.0426× 10−2

101 200 200 1.5 0.6 6.5709× 10−3

41 200 200 1.5 0.6 1.7658× 10−3

21 200 200 1.5 0.6 4.2230× 10−3

121 200 200 1.5 0.8 5.8011× 10−3

101 200 200 1.5 0.8 3.8069× 10−3

41 200 200 1.5 0.8 1.7020× 10−3

21 200 200 1.5 0.8 3.9797× 10−3

remembered that the apothem a = 0.65, and all corners of the
square are equidistant to the center of the semicircle section.
The square possesses a conductivity σ = 100, whereas the
remaining domain possesses σ = 10. The boundary condition
is again the expression (40).

Fig. 9. Fourth example of geometrical conductivity within a non-smooth
domain.

The relevance of this case is given by the multiple non-
smoothness included in the geometrical conductivity. This is
three non-smooth points are located at the boundary Γ, and
four non-smooth points are presented in the figure within the
domain Ω. For every point of non-smoothness, one radius
was forced to pass on, hence all points were taken into
consideration. We shall remark, as it was done in [11], that
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TABLE XXV
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 2.

M P Q b r E
121 200 200 2.0 0.2 1.1542× 10−1

101 200 200 2.0 0.2 8.6105× 10−2

41 200 200 2.0 0.2 5.5541× 10−3

21 200 200 2.0 0.2 1.2137× 10−2

121 200 200 2.0 0.4 8.8265× 10−2

101 200 200 2.0 0.4 6.6393× 10−2

41 200 200 2.0 0.4 5.5459× 10−3

21 200 200 2.0 0.4 1.2121× 10−2

121 200 200 2.0 0.6 6.6141× 10−2

101 200 200 2.0 0.6 4.8414× 10−2

41 200 200 2.0 0.6 5.0902× 10−3

21 200 200 2.0 0.6 1.1946× 10−2

121 200 200 2.0 0.8 7.9164× 10−2

101 200 200 2.0 0.8 5.8350× 10−2

41 200 200 2.0 0.8 4.8985× 10−3

21 200 200 2.0 0.8 1.1917× 10−2

TABLE XXVI
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 1.

M P Q b r E
121 200 200 1.0 0.2 2.4385× 10−2

101 200 200 1.0 0.2 2.8740× 10−2

41 200 200 1.0 0.2 5.4220× 10−2

21 200 200 1.0 0.2 9.2323× 10−2

121 200 200 1.0 0.4 2.8627× 10−3

101 200 200 1.0 0.4 3.2700× 10−3

41 200 200 1.0 0.4 4.7071× 10−3

21 200 200 1.0 0.4 5.9983× 10−3

121 200 200 1.0 0.6 1.9667× 10−3

101 200 200 1.0 0.6 2.1911× 10−3

41 200 200 1.0 0.6 2.8597× 10−3

21 200 200 1.0 0.6 5.0975× 10−3

TABLE XXVII
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 1.5.

M P Q b r E
121 200 200 1.5 0.2 8.2351× 10−2

101 200 200 1.5 0.2 5.4311× 10−2

41 200 200 1.5 0.2 5.4607× 10−2

21 200 200 1.5 0.2 9.2429× 10−2

121 200 200 1.5 0.4 1.4896× 10−3

101 200 200 1.5 0.4 9.5441× 10−3

41 200 200 1.5 0.4 4.9048× 10−3

21 200 200 1.5 0.4 6.1276× 10−3

121 200 200 1.5 0.6 1.0957× 10−2

101 200 200 1.5 0.6 1.0532× 10−2

41 200 200 1.5 0.6 3.3790× 10−3

21 200 200 1.5 0.6 4.7420× 10−3

TABLE XXVIII
FIRST CASE OF GEOMETRICAL CONDUCTIVITY: b = 2.

M P Q b r E
121 200 200 2.0 0.2 1.9481× 10−1

101 200 200 2.0 0.2 1.4364× 10−1

41 200 200 2.0 0.2 5.7088× 10−2

21 200 200 2.0 0.2 9.3510× 10−2

121 200 200 2.0 0.4 9.5951× 10−2

101 200 200 2.0 0.4 7.2123× 10−2

41 200 200 2.0 0.4 6.6501× 10−3

21 200 200 2.0 0.4 1.1058× 10−2

121 200 200 2.0 0.6 9.0504× 10−3

101 200 200 2.0 0.6 7.6307× 10−3

41 200 200 2.0 0.6 5.5504× 10−3

21 200 200 2.0 0.6 1.0790× 10−2

not any additional regularization method was employed to
warrant the convergence at the non-smooth points. This is a

TABLE XXIX
THIRD EXAMPLE OF GEOMETRICAL CONDUCTIVITY WITHIN A

NON-SMOOTH DOMAIN: b = 1, 1.5, 2.

M P Q b E
121 200 200 1.0 2.3863× 10−4

101 200 200 1.0 3.4388× 10−4

41 200 200 1.0 1.4742× 10−3

21 200 200 1.0 5.0487× 10−3

121 200 200 1.5 5.7241× 10−3

101 200 200 1.5 3.2691× 10−3

41 200 200 1.5 2.2058× 10−3

21 200 200 1.5 7.8255× 10−3

121 200 200 2.0 1.1136× 10−1

101 200 200 2.0 8.2529× 10−2

41 200 200 2.0 8.4147× 10−3

21 200 200 2.0 1.4548× 10−2

particular characteristic of the method, first noticed in [9],
and shall be studied with more detail in further works.

The Table XXX presents a summary of the calculations
performed for this last example. Only for the case when b =
1 a pattern between the number of base elements M and the
error E is observed. The other two cases do not report any
visible pattern.

TABLE XXX
FOURTH EXAMPLE OF GEOMETRICAL CONDUCTIVITY IN NON-SMOOTH

DOMAIN.

M P Q b E
121 200 200 1.0 8.1631× 10−3

101 200 200 1.0 1.0347× 10−2

41 200 200 1.0 3.3239× 10−2

21 200 200 1.0 7.3480× 10−2

121 200 200 1.5 1.1063× 10−1

101 200 200 1.5 7.5019× 10−2

41 200 200 1.5 4.3609× 10−2

21 200 200 1.5 9.1848× 10−2

121 200 200 2.0 4.3692× 10−1

101 200 200 2.0 3.2518× 10−1

41 200 200 2.0 6.1231× 10−2

21 200 200 2.0 1.2170× 10−1
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On the Numerical Solutions of Boundary Value
Problems in the plane for the Electrical
Impedance Equation: A Pseudoanalytic
Approach for Non-Smooth Domains

Ariana Guadalupe Bucio Ramirez, Marco Pedro Ramirez Tachiquin, Cesar Marco
Antonio Robles Gonzalez and Victor Daniel Sanchez Nava.*

Abstract We study the Electrical Impedance Equation within a special class of do-
mains, whose boundaries posses non-smooth points. The forward Dirichlet bound-
ary value problem is solved bias a novel numerical method, based upon the Pseudo-
analytic Function Theory, that does not require additional regularization techniques
to fulfill the boundary condition at the non-smooth points.

Key words: Electrical Impedance Equation, Non-smooth boundary, Pseudoana-
lytic Functions.

1 Introduction

The study of the solutions of the forward Dirichlet boundary value problem in the
plane, corresponding to the Electrical Impedance equation

div(σ grad u) = 0, (1)

where σ = σ1(x)σ2(y) is the conductivity function, and u is the electric potential,
constitutes the base for analyzing the inverse problem, commonly known as Electri-
cal Impedance Tomography.

The discovery of the relation between (1) in the plane, and the Vekua equation
[9], by V. Kravchenko [6], and shortly after by K. Astala and L. Päivärinta [1],
opened a complete new path for constructing numerical solutions of the forward
problem corresponding to (1), based upon the modern Pseudoanalytic Function The-

*The authors appear in alphabetical order. A. G. Bucio R. is with UPIITA-IPN, Mexico, e-
mail: ari.bucio@gmail.com; C. M. A. Robles G. is with ESIME-IPN, Mexico, e-mail: ce-
sar.robles@lasallistas.org.mx; M. P. Ramirez T. e-mail: marco.ramirez@lasallistas.org.mx and V.
D. Sanchez N. e-mail: ddansanchez@gmail.com, are with The Communications and Digital Signal
Processing Group, Engineering Faculty of La Salle University, Mexico.
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On the Artificial Neural Networks used for the
Forward Problem for the Electrical Impedance

Equation
C. M. A. Robles G.,Member,IAENG,, V. Ponomaryov and M. P. Ramirez T.,Member, IAENG,

Abstract—To achieve a recognition of a solution for the
forward value problem of the electrical impedance equation,
two different artificial neural networks are used and compared:
the multilayer perceptron and the backpropagation neural
networks.

Index Terms—Artificial Neural Network, Backpropagation,
Electrical Impedance Equation, Multilayer Perceptron.

I. INTRODUCTION

THE artificial neural networks (ANN) [14] are commonly
used to recognise or classify the information contained

in a data base. The information depends upon the problem
that is trying to be solved, but in general, to obtain an
approximation is very difficult or the computational resources
that needs is very high. For this reason ANNs help to obtain
a faster recognition or classification for this complicated
problem.

In this case, the main problem is the forward problem for
the electrical impedance equation posed by A. P. Calderon in
1980 [4], that is an easy task in comparison with the inverse
problem for the same equation. The equation that is trying
to be solved is the follows:

div (σgradu) = 0, (1)

where the σ is the conductivity and the u denotes the electric
potential for a domain Ω with boundary Γ. This equation is
also known as the electrical impedance equation and it can
be solved through the Pseudoanalytic function theory [1] and
[6], using the Taylor series in formal powers method, exposed
in [8] and [9].

Several works utilize ANNs to recognize or classify the
data they possess [2], [14] and [7]. In [10], the usage of the
ANNs, in combination of genetic algorithms and multilayer
perceptron [5] is employ to recognise an earthquake by its
wave. Acoording to [12], in which a Bayesian multilayer
perception neural network (BMLP-ANN)[11] is used to anal-
yse the information, in order to relate it with the boundary
measurements, and employed before with the finite-element
method (FEM). In [13] and [3], a radial basis function that
is a variation of ANN employed together with the FFM, this
method works with the information of the forward problem
of electrical impedance equation for training and testing. Its
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information successfully recognise the solution related with
resistivity in the electrodes and inside the domain.

In current pages, ANNs intend to recognize the infor-
mation contained in a data set, which is obtained by the
Taylor series in formal powers. This information represents
the forward problem solution of the electrical impedance
equation. The analysis is performed to prove that ANN could
be used to find a faster solution, once the ANNs are correctly
trained.

This work is distributed as follows: section II is dedicated
to study the multilayer perceptron and backpropagation. In
section III we presented the procedure to use both ANNs
for recognizing the solution. The section IV performs the
analysis of the information constructed for the forward
problem. Finally, section V closed this work.

II. PRELIMINARIES

An artificial neural network (ANN) is a computational
model inspired in biological neural networks (BNN). It
consists of an interconnection group of pseudo neurons [2].
Akin to the BNN, ANN has the same structure where the
axon is represented by the weights; dendrite is expressed by
input of the system; the body that is defined by the activation
function and the synapses that is described by the connection
between neurons.

The ANN simulates the functionality and structure of
BNN, such as the human brain does. Then, ANN can have
multiple inputs and outputs, and it can have several amounts
of neurons per hidden layer that exist in the system, and its
purpose is to interconnect the inputs with the outputs.

The ANN mathematically represents the dynamics of the
information flow; this function is called network function.

f (x) = K

(∑

i

wi · gi(x)

)
, (2)

where w1 denotes the weights, K refers to an activation
function and gi(x) is the collection of functions gi(x) =
(g1, g2, ..., g3) that represents the function of neurons in
ANN. The activation function is represented by any desire
function, the most commonly used is the step function
represented by:

g(x) =

{
1 if x ≥ 0;
0 if x < 0.

(3)

In the figure 1, a simple neuron is shown.
It is important to study the ANN learning paradigms,

such as the supervised learning in which the solution is
looked after by an expert. Another learning paradigm is the
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ABSTRACT

This work is dedicated to the analysis of the forward and the inverse problem to obtain a better approximation to
the Electrical Impedance Tomography equation. In this case, we employ for the forward problem the numerical
method based on the Taylor series in formal power and for the inverse problem the Finite Element Method.

For the analysis of the forward problem, we proposed a novel algorithm, which employs a regularization tech-
nique for the stability, additionally the parallel computing is used to obtain the solution faster; this modification
permits to obtain an efficient solution of the forward problem. Then, the found solution is used in the inverse
problem for the approximation employing the Finite Element Method.

The algorithms employed in this work are developed in structural programming paradigm in C++, including
parallel processing; the time run analysis is performed only in the forward problem because the Finite Element
Method due to their high recursive does not accept parallelism.

Some examples are performed for this analysis, in which several conductivity functions are employed for two
different cases: for the analytical cases: the exponential and sinusoidal functions are used, and for the geometrical
cases the circle at center and five disk structure are revised as conductivity functions. The Lebesgue measure
is used as metric for error estimation in the forward problem, meanwhile, in the inverse problem PSNR, SSIM,
MSE criteria are applied, to determine the convergence of both methods.

Keywords: Electrical Impedance Equation, Forward Problem, Finite Element Method, Inverse Problem, Par-
allel Computing.

1. INTRODUCTION

The Electrical Impedance Tomography is a medical imaging procedure, which investigates the conductivity inside
a body to reconstruct it.1 This problem posses a high complex equation also known as electrical impedance
equation, that is represented as follows:

div (σgradu) = 0, (1)

where σ is the conductivity inside a domain Ω, and u denotes the electric potential in the boundary Γ.

This equation was proposed in mathematically correct form by A. P. Calderon in 1980,2 and the general
solution can not be obtained by now. But an interesting alternative for solving eq. (1) appeared when K. Astala
and L. Päivärinta3 first noticed that the two dimensional case of eq. (1) was directly related with a special class
of Vekua equation; then, V. Kravchenko et al.4 posed the structure of its general solution in analytic form by
means of Taylor series in formal powers, employing elements of the Pseudoanalytic Function Theory.5

Since this analysis was studied, different works were fully dedicated to study the forward problem,6–8 em-
ploying the Pseudoanalitic Function Theory by means of the Taylor series in formal powers. This method proved
to be an good mathematical tool to approach the solution for this equation.

The Taylor series in formal powers actually can not be employed to approach the solution in the inverse
problem, but there exist many different techniques that approach a solution for this problem, where the most
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On the Performance of Sequential and Parallel
Algorithm for Solving the Forward Problem of the

Two-Dimensional Impedance Equation
A. Bucio R. IAENG, Member, A. Hernandez-Becerril IAENG, Member,

C. M. A. Robles G. IAENG, Member and M. P. Ramirez T. IAENG, Member.

Abstract—We study the performance of the numerical
method for solving the forward problem of the two-dimensional
Impedance Equation [15]. This numerical method is based upon
the elements of the modern Pseudoanalytic Function Theory.
Considering divide and conquer technique for constructing the
parallel algorithm, some sub process can be taking advantage by
processing them independently, we parallelize some processes
of the numerical method through CUDA technology, obtaining
considerable reduction of the temporal complexity. The pro-
cessing time of the posed method is evaluated comparing with
its sequential version and the speed-up rate of the parallel
algorithm respect to the sequential one posed in [15]. The
collection of experiments are displayed for illustrating its
effectiveness.

Index Terms—Algorithm, CUDA, Electrical Impedance To-
mography, Pseudoanalytic Functions Theory, Parrallel Process-
ing, Vekua Equation.

I. INTRODUCTION

THE Pseudoanalytic Function Theory [3] has been just
found to be an important tool for modern Mathematical

Physics, and in sequel, for different branches of Engineering.
Perhaps, beyond the original expectations that its main cre-
ators, professors L. Bers [3] and I. Vekua [20], could have
foreseen at the time they first published the foundations of
the theory.

The elements of the modern Pseudoanalytic Function
Theory [12], have been considered as an important tool
in Applied Mathematics and Theoretical Physics (see e.g.
[4], [12] and [18]). This tool has been successfully applied
for solving the forward problem of the two-dimensional
Impedance Equation [15]

div (σ grad u) = 0, (1)

where σ is the conductivity and u is the electric potential. It is
possible to approach the general solution of (1) in asymptotic
form, through the Taylor series in formal powers [3].

The detection of the relation between (1) in the plane,
and the Vekua equation [20], by V. Kravchenko [13], and
shortly after by K. Astala and L. Päivärinta [1], opened a
complete new path for constructing numerical solutions of
the forward problem corresponding to (1), based upon the
modern Pseudoanalytic Function Theory [3].

The most important fact of caring about efficiently solving
the forward problem for (1), is to use this problem as

A. Bucio R. is with the National Polytechnique Institute, UPIITA,
Mexico, ari.bucio@gmail.com

A. Hernandez-Becerril, C. M. A. Robles G. and M. P. Ramirez T.
are with Postgraduate Section of Mechanical Engineering School, Instituto
Politecnico Nacional Mexico City, Mexico., croblesg1101@alumno.ipn.mx

an approach to the solution of the Electrical Impedance
Tomography Problem (also called inverse problem). This
problem was widely exposed in plenty works, among which
[21] is one of the most important. In this sense, the results
posed in [13], and subsequently rediscovered in [1], are
indeed very significant, because they allowed to find out
the rink for approaching the general solution of the two-
dimensional Impedance Equation.

The main contribution of this work is to analyse the
performance of the numerical method and its sequential
algorithm posed in [15] versus the parallel algorithm to be
presented in this work. Employing this numerical method
we propose the design of a parallel algorithm using divide
and conquer technique [14] with CUDA technology, this
will help us to obtain an adequate balance between the
computational cost and accuracy. Then we examine some
specific examples, in order to illustrate a comparison of the
performance and effectiveness between the sequential and
parallel method. The conclusions contain the arguments that
justify the viability of employing this numerical method as
an approach for employing it in medical image [21] this is for
solving the Electrical Impedance Tomography Problem [6].
This work is organized as follows: In the second Section
, we will explain the mathematical tools necessaries for
the construction of the numerical method and algorithm
for the forward problem of the two-dimensional Impedance
Equation. In Section 3, we describe both algorithms. Then we
will show some experimental results of the implementation of
both algorithms employing different conductivity functions
and finally the conclusions of this work.

II. ELEMENTS OF PSEUDOANALYTIC FUNCTION THEORY
AND ITS RELATION WITH THE ELECTRICAL IMPEDANCE

EQUATION.

Let us consider the two-dimensional case of the Electrical
Impedance Equation:

div (σ grad u) = 0,

where u is the electric potential and σ is a separable-variables
non-vanishing function within a bounded domain Ω, with
boundary Γ, such that:

σ = σ1(x) · σ2(y). (2)

Introducing the following notations:

W =
√
σ∂xu− i

√
σ∂yu, p =

√
σ2(y)

σ1(x)
, (3)
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Construction of a New Cryptographic Method,
Employing Pseudoanalytic Function Theory

A. Bucio R. IAENG, Member, A. Hernandez-Becerril IAENG, Member,
C. M. A. Robles G. IAENG, Member, M. P. Ramirez T. IAENG, Member, A. Arista-Jalife.?

Abstract—Employing the Pseudoanalytic Function Theory,
and based upon the inverse Dirichlet boundary value problem
for the two-dimensional Electrical Impedance Equation, an
open problem also known as Electrical Impedance Tomography,
we propose a new cryptographic method whose main charac-
teristics are the Confidentiality and the Data Integrity.

Index Terms—Cryptography, Electrical Impedance Tomog-
raphy, Pseudoanalytic Functions, Vekua Equation.

I. INTRODUCTION

THE study of techniques for secure communication is
the main goal of Cryptography [6]. That is why this

discipline is strongly related with other branches of Science,
as Applied Mathematics and Computation. There are many
other disciplines on which the Cryptography can be based
on. Yet, the paragraphs shown further will show that, in this
particular proposal, both Mathematics and Computes Sci-
ences will provide enough material to ensure the successful
performance of the novel method. Therefor, the Figure 1 shall
be adequate to appoint the basic execution of a ciphering
method.

Fig. 1: A general description of a cryptographic method.

This work pays particular attention to the Pseudoanalytic
Function Theory [3], that has recently proved to be an
important tool in Theoretical Physics, and Applied Mathe-
matics (see e.g. [4], [11], and [15]). More precisely, since the
pseudoanalytic functions have been employed for analyzing
the Electrical Impedance Tomography [18] (a mathematical
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problem that remains open), it is possible to propose a new
cryptographic method that will positively posses characteris-
tics as Confidentiality and Data Integrity.

From the scope of these pages, a cryptographic algorithm
will be considered a mathematical method whose main pur-
pose is to convert information into encrypted data, such that
the decryption is available only for those that posses the key.
For that, the cryptographic algorithm will arise employing
numerical techniques that allowed the approaching of the
so-called Taylor Series in Formal Powers.

Starting with a brief study of the Pseudoanalytic Function
Theory, and its relation with the two-dimensional Electrical
Impedance Equation, we expose the details of the method-
ology for constructing a cryptographic method.

Based upon the material previously posed in a variety of
works, fully dedicated to the forward Dirichlet boundary
value problem for the Electrical Impedance Equation, we
explain that this method is effective for ciphering numerical
data whose values are significantly bigger than 10−12. Thus,
the variety of data classes on which this method could
be useful, can be considered wide enough for engineering
applications.

II. THE CRYPTOGRAPHIC PROPOSAL.

The idea of proposing a new cryptographic algorithm
arises from the study of the Electrical Impedance Tomog-
raphy problem, employing modern elements of the Pseudo-
analytic Functions [11]. Nevertheless, we shall appoint that
these numerical techniques do not provide yet an adequate
solution for the problem.

As a matter of fact, most works (see e.g. [4] and [13])
mainly analyze the forward Dirichlet boundary value prob-
lem for the Electrical Impedance Equation (the Electrical
Impedance Tomography constitutes the inverse problem,
correctly posed in mathematical form by A.P. Calderon in
[5]). Thus, even the new techniques do provide additional
information for better understanding the field, it is impossible
to assert that the Electrical Impedance Tomography problem
could be solved for arbitrary cases.

Taking into account the last statement, we shall propose
the employment of the Pseudoanalytic Function Theory for
constructing a cryptographic method, because any attempt
to unlock the encrypted information would be equivalent
to fully solve an arbitrary case of the Electrical Impedance
Tomography problem.
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1. We perform a comparison between the accuracy of two numerical techniques those permit solving the 
direct Dirichlet boundary value problem in the 2D electrical impedance equation. The first technique is a variation 
of the Finite Element Method (FEM) for elliptic partial differential equations, whereas the second is a new 
technique based on the modern pseudoanalytic function theory [1].  
Initial 2D electrical impedance equation  

  0  u ,      (1) 

so-called electrical impedance tomography problem, is presented in the work [2].  
The above equation possesses special relevance in several areas, for example in medical imaging, since the 
electrical impedance tomography allows the monitoring of different tissues inside of a body applying very small 
quantities of electrical current, thus it is considered a non-invasive technique. 
Using the eq. (1), the inverse Dirichlet boundary value problem is formulated as follows: for a given (measured) 

electrical potential u at the boundary   of the domain  2 , it should be reconstructed the conductivity  

within the domain  2 . 

Considering the inverse problem, there exist a variety of works [3] that are dedicated to approach its solution 
recursively solving the direct problem under the FEM. Since the numerical pseudoanalytic method (NPSM) has 
been mainly dedicated to solve the direct problem, obtaining sufficiently high accuracy for certain cases, it seems 
important to perform a comparison between two methods (FEM and NPSM), presenting limitations, drawbacks 
and advantages of each ones. Thus, this should better appreciate how a novel technique could be employed when 
dealing with the inverse problem in future. Below, we present such study for both techniques.  
To perform the comparing analysis let study some examples of the conductivity functions , for which there exist 
the exact solutions of eq. (1) within the unit circle, employing both FEM and NPSM in numerical estimations for 
boundary conditions in the direct problem.  
2. As it was shown in several works [1, 4], the eq. (1) is completely equivalent to the Vekua equation [5] in 
such form: 

,01   WppW zz     ,uiuW yx     ,yxz i   (2) 

where:               ,2
1

1 yxp    ,ImRe WiWW   and 12 i .  

The general solution for the eq. (2) can be expressed by the Taylor series in formal powers [5]: 
  




0 0 ,;,
n n

n zzaZW  iyxz      (3) 

More details about the mathematical technique using the Taylor series in formal powers   zzaZ n
n ;, 0  can be 

found in [1, 7]. A detailed explanation of the numerical approach of the formal powers in eq. (3) is given in [6, 7].  
3. To compare the precision obtained by FEM or NPSM techniques, we employ the Lebesgue measure: 

   ,|
2

1
2   dluu app      (4) 

where |u is the electric potential imposed in the domain boundary  , and appu is the electric potential obtained 

by FEM or NPSM. This measure exposes the error between the analytical solution and numerical result obtained 
by a method analyzed. 

Let consider an exponential conductivity function [6] that gives the exact solution yxeu 
 

|  for eq. (1): 
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Abstract—Employing elements of the modern pseudoanalytic
function theory, we propose one of the most simplified numerical
methods for solving the forward boundary value problem of the two-
dimensional Impedance Equation, remarking the possible contribution
of the obtained results, into the modern theory of the Electrical
Impedance Tomography.

Keywords— Impedance Equation, Pseudoanalytic Func-
tions, Tomography.

I. INTRODUCTION

The use of modern pseudoanalytic function theory [6]
for solving the forward problem of the two-dimensional
Impedance Equation

div(σgradu) = 0, (1)

where σ is the conductivity and u is the electric potential, has
proven to be one of the most interesting possibilities, since
e.g. by mean of it, is possible to approach the general solution
of (1) in asymptotic form, employing Taylor series in formal
powers [2].

An alternative to avoid what could be a restriction for
adequately using this technique, when dealing with engineer-
ing problems, was posed in [8], since for fully applying the
numerical tools based upon the elements of the pseudoanalytic
functions, it is a requisite that the electrical conductivity σ can
be represented as a separable-variables function.

Indeed, [8] showed that any physical conductivity distribu-
tion within a bounded domain, can be considered a limit case
of a separable variables function. Thus the Dirichlet boundary
value problem of (1) can be approached, as properly shown
in [4] and [5], when an electric potential u is imposed as the
boundary condition.

As it was clearly posed in [11], the capability of solving
the forward problem of (1) is crucial if we are to study the
solution of its inverse problem, commonly known as Electrical
Impedance Tomography.

The possibility of approaching the general solution of the
Impedance Equation in the plane, was first noticed in [1] and
[7]. After that, many researches were published, dedicated to
solve the Dirichlet boundary value problem of (1).

This work is also dedicated to the numerical solution
of such problem, yet its main contribution shall be the
low computational resources needed for this end. Basically,
the existing algorithms are very accurate, but the required
computing capacity is still high. This could limit their use

∗The authors appear in alphabetical order.

into biomedical engineering applications, when dealing, for
instance, with Electrical Impedance Tomography problems in
clinical situations.

Therefore, the suggestion of a simplified numerical method
is in order, and the following paragraphs contain the descrip-
tion of what could be one of the most simplified algorithms,
capable of solving the Dirichlet boundary value problem for
(1), causing less requirement of computational resources.

After reviewing the general concepts that stablish the con-
nexion between the two-dimensional Impedance Equation and
the Vekua equation [10], and that allows us to express its
general solution in terms of Taylor series in formal powers, we
study the algorithm on which the simplified numerical method
is based. Then we provide an example of its performance
considering the classical unitary circular domain.

We also present a basic description of the performance of
the method, when certain variations of the main parameters
take place, closing the work with some commentaries that
point out the immediate advantages obtained when employing
the simplified method is used.

II. PRELIMINARIES

Following [2], let us consider two complex-valued functions
(F,G) fulfilling the condition

Im
(
FG
)
> 0, (2)

where F represents the complex conjugate of F . Thence
any complex function W can be expressed by the linear
combination of F and G:

W = φF + ψG.

Here φ and ψ are real-valued functions. A pair (F,G) catering
(2) is named Bers generating pair. Indeed, L. Bers [2] intro-
duced a derivative based upon such pair. It is expressed in the
form

∂(F,G)W = (∂zφ)F + (∂zψ)G, (3)

where ∂z = ∂
∂x − i ∂

∂y , and i2 = −1. This derivative will exist
if and only if

(∂zφ)F + (∂zψ)G = 0, (4)

where ∂z = ∂
∂x + i ∂

∂y . By acquainting the notations

A(F,G) =
F∂zG−G∂zF
FG− FG , B(F,G) =

F∂zG−G∂zF
FG− FG ,

a(F,G) =
G∂zF − F∂zG
FG− FG , b(F,G) =

F∂zG−G∂zF
FG− FG ; (5)
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On the Construction of Separable-Variables
Conductivity Functions, and Their Application for

Approaching Numerical Solutions of the
Two-Dimensional Electrical Impedance Equation

M.P. Ramirez T., IAENG Member, M. C. Robles G., R. A. Hernandez-Becerril

Abstract—We analyze a technique for obtaining piecewise
separable-variables conductivity functions, employing standard
cubic polynomial interpolation. Our goal is to start making
possible the practical use of the Pseudoanalytic Function Theory
in medical imaging, by allowing the construction of numerical
solutions, in terms of Taylor series in formal powers, of the two-
dimensional Electrical Impedance Equation.

Keywords: Electrical Impedance Equation, pseudoanalytic func-
tions

I. INTRODUCTION

The analysis of the two-dimensional Electrical Impedance
Equation

∇ · (σ∇u) = 0, (1)

is the departure point for any proper study of the Electrical
Impedance Tomography problem.

As a matter of fact, we will find that the complexity of
this governing equation, appears just at the very beginning,
when the selection of the mathematical representation for the
conductivity σ takes place.

There exists a wide collection of interesting methods for
approaching the electric potential u once σ has been chosen.
Many of them are based upon variations of the well known
Finite Element Method (see e.g. [9]), which effectiveness has
been well proved in many classes of boundary value problems
belonging to the Electromagnetic Theory.

Still, most of the known variations of the Finite Element
Method present instability when approaching solutions for the
inverse problem of (1), and it is not clear yet how to overpass
this situation.

An interesting alternative for solving (1) appeared when
K. Astala and L. Païvarïnta [1] first noticed that the two-
dimensional case of (1) was directly related with a special
class of Vekua equation [11], and V. Kravchenko et al. [6]
posed the structure of its general solution in analytic form by
means of Taylor series in formal powers, employing elements
of the Pseudoanalytic Function Theory developed by L. Bers
[2].

We may also remark that the use of this new mathematical
tools allowed to approach the solution of the direct boundary
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value problem for (1), with high accuracy, once σ was posed
as a separable-variables function [4].

These new results are, with no doubt, relevant for better
understanding the dynamics of the Electrical Impedance Equa-
tion. Thus, a natural path to follow, is to search for the
interpolating methods that will allow us to apply these novel
techniques, when studying cases situated nearer to the medical
imaging engineering.

This work is dedicated to analyze one interpolating method
posed in [7], that allows to obtain separable-variables functions
σ when a finite set of conductivity values is properly defined
within a bounded domain.

Specifically, after reviewing a collection of statments cor-
responding to the Pseudoanalytic Function Theory, we will
discuss how to construct a piecewise polynomial separable-
variables function by using standard interpolation methods.

Starting with the case used in [4], for approaching solutions
of the boundary value problem for (1), we present the results
of performing a basic numerical analysis, in order to test
the convergence of the interpolation method. We illustrate
the behavior of a certain class of maxima errors, taking into
account the number of subregions in which we divided a
unitary circle, and the number of points considered within
every subregion.

We close with a brief discussion about the validity and
use of these preliminary results, emphasizing the necessary
work before we can use effectively this interpolation method
in medical imaging.

II. PRELIMINARIES

Following [2], let the pair of complex-valued functions
(F,G) fulfil the condition

Im
(
FG
)
> 0, (2)

where F denotes the complex conjugation of F . Thus any
complex function W can be expressed by means of the linear
combination of F and G:

W = φF + ψG.

Here φ and ψ are real functions. A pair of functions satis-
fying (2) is named a Bers generating pair. Indeed, L. Bers
introduced a derivative based upon the generating pair (F,G).
It has the form

∂(F,G)W = (∂zφ)F + (∂zψ)G, (3)
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Abstract�We analyze the State of Art in computational
methods, employed for analyzing the two-dimensional Electrical
Impedance Tomography problem (EIT). We broach an assort-
ment of techniques that may be considered among the most
important innovations on this area, emphasizing that the Finite
Element Method has played a central role for solving the forward
problem of the Electrical Impedance Equation, backbone of
EIT. We �nally study a novel numerical method, based onto
the modern theory of Pseudoanalytic Functions, that could well
improve the quality of the reconstructed images, when applied
in lieu of the Finite Element Method.
Keywords- Electrical Impedance Tomography, Pseudoana-

lytic Functions.

I. INTRODUCTION

The Argentine mathematician A. P. Calderon posed in 1980
[1] a boundary valued problem for the Electrical Impedance
Equation

div (� gradu) = 0; (1)

where � represents the conductivity and u denotes the electric
potential. The goal is to approach � inside some domain

 when the values of the potential u are given at the boundary
�. This problem immediately became of great interest for
medical imaging, because it could be used as an auxiliary
tool for the diagnosis of a wide class of diseases. Beside,
when compared to another imaging techniques, the Electrical
Impedance Tomography (EIT) -as the Calderon problem is
actually referred in the medical terminology- possesses the
quality of being a noninvasive procedure, due to the low ranges
of electrical currents used on it.
Nonetheless, the maximum resolution that the computa-

tional methods can achieve is not satisfactory yet for estab-
lishing EIT as a standard method for medical image recon-
struction. And, in many senses, this is because the inverse
problem for equation (1) can not be solved bias a mathematical
extension of the boundary function uj�, as it is possible to
do for other boundary value problems of partial differential
equations (e.g. the Laplace equation [2]).
The inverse problem for the Electrical Impedance Equation

(1) might be approached by solving the forward problem
through an iterative procedure, that could be brie�y described
as follows: Once a conductivity function � is proposed, we
must solve (1) in order to obtain the corresponding electric

potential u with the highest possible accuracy. Then, a com-
parison between the approached u and the collected data will
take place, reaching an error function that may be used for
modifying � in order to minimize such error. The procedure
will continue until the error function ful�lls some minimum
criteria.
The �rst interesting problem lies at the very beginning of the

algorithm, because the mathematical complexity of equation
(1) is considerable. Moreover, many experts suggested that
to achieve the general solution for (1) was impossible (see
[3], Chap. 10, Sec. 10.2.3), even for the simplest cases of
� (excluding the constant case, of course). Due to this fact,
the numerical methods have played a central role on these
matters during the last three decades, being the variations
of the Finite Element Method some of the most often used,
since it had already shown its effectiveness when approaching
solutions for a wide variety of partial differential equations of
Electromagnetic Theory.
The second interesting question is located around the adjust-

ment of the conductivity function � when an error is estimated.
This is a mayor challenge since the EIT problem is considered
to be very unstable, as well as ill-posed. It is about this second
topic that we will start our discussion, because the variety
of techniques suggested for better modifying the function �
is extensive, and none of them should be considered less
important than the rest. The selection of the presented methods
was based onto their clinical applications, and their achieved
image resolution, leaving the computational complexity for
further discussions.
We will close our study with a brief review of a recently

posed method for solving (1), that (despite the fact its appli-
cation is not as general as the Finite Element Method) opens a
new path for solving the Electrical Impedance Equation with
considerable grown pro�ts of accuracy.

II. METHODS FOR APPROACHING THE CONDUCTIVITY
FUNCTION �

A. Variations of Sparse Matrix Method

Let us establish a �nite set of points fzkgNk=1 belonging to
the boundary � of the domain 
; and let fukgNk=1 be the values
of the electric potential u at such points. Let the unitary vector
�!n k be tangent to some point zk 2 fzkgNk=1. The Neumann
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